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(2) Define the limit of a function in terms of € and 8. Use € — & definition, to show that
}ci_xg‘(l}x —-5)=3. (7.5)

(b) State the sequential criterion for limits. Use it to prove that J}n;x f{x) doesnot

1, if x is rational

1, if x is irrational. )]

exist, where flx) = {_

(¢) Let f:A > R where A € R and let x; be a cluster point of A. Thcnliril flx)=
L if and only if for each sequence < x, > in A \< X, > that converges o X,

the sequence < f(x,) > converges to L. 7.5)

(a) Define the continuity ofa functionata point in terms of € — §. Use € — § definition,
to show that f(x) = 4x% — 5x — 3 is continuous at Xy = 2. (1.5)

(b) State the Intermediate Value Theorem. Also, prove that cos x = x for some x in
(o, -}) ’ (7.5)
(¢) Define uniform continuity of a function f on interval 1. Use it to prove that the
function f(x) = 3x2 — 2x — 1 is uniformly continuous on the interval [-1, 5]. (7.5)

If f:[a,b] — Ris a bounded function and P and Q are any partitions of [a, b], then
prove that S(f, P) < S(f. Q).
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(b) Prove that f(x) = 7 is integrable on [—1, 1]. Also, find [ f. (75)
(c) Let f(x) = 5 — 3x be defined on [0, 2]. For the partition P = {0,, 12,2} of
[0,2], find S(f,P) and $(f,P). (7.5)

4. (a) Use sequential criteria for integrability to show that the function f(x) = x? is
integrable on [0, 1] and find [] f. (7.5)

_ (1 iflsx<3 3
(b) Let f:R — R be defined as f(x) = {0, =X =3 Then prove that f is

. . integrable on [0, 5] and find fos f. (7.5)
(c)Let f, g : [a, b] — R be integrable functions on [a, b] .
@ Iff(x) =0, forall x € [a,b], then prove that 0 < f: f.
@) If f (x) < g(x), for all x € [a, b], then prove that f: s fab g. {.5)

5. (a) Discuss the pointwise convergence of the following sequences of functions:

(i) < f> where f(x) = sm(nx—n+n)_’ xER

2

(i) < gn > where g,(x) = nx, x € [0,1]. (7.5)

{(b) Define uniform convergence for a sequence of functions.

Let f,(x) = x™ ,x € [0, 1], then show that < f;, >is uniformly convergent on
{0, c] where ¢ <1 but it is not uniformly convergent on [0, 1]. (7.5)

(c) State the Cauchy Criterion for uniform convergence of a sequence of functions.
Test the sequence < fj, > for uniform convergence on [0, 1] where

x
f)==, VnENxE [0,1]

6. (a) State Weierstrass M-Test for uniform convergence of series of functions.
Test the following series for uniform convergence on R, (7.5)

sin kx =
0 z NG z r*coskx, 0< 1< 1.
k=1

(b) Find the interval of convergence and the radius of convergence for the following

power series

- (7.5)
+
OPr P @ T () e+ 0
(c) Show that tan'x =x—E+ Z-Z 4. —1<x<1.
And use Abel’s theorem to deduce that Z =1-— é +-§ — % + (7.5)
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