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(a) Define a group and show that the set of integers under multiplication is not a (7.5}
group.

® Show that G = { g g) ta+0,a€ R} is an abelian group under (73)
multiplication.

() Find the inverse of [i g} e GLQ2, Z,;)- (7.5

(@) Define the order of an element “a” in G. Also find the orders of every element (7.5)
of U(135).

(b) Define center of a group and centralizer of 4 €G. Prove that C(a) = C(@™). (7.3

{(c) Prove that in any group an element and its inverse will have the same order.  (7.5)

(@) _[1234567 12345678 (7.5)
Leta=[; 535178 6 @ 3576524
Write &, 8 and aff as products of disjoint cycles and as products of 2-cycles.

(b) List the elements of the subgroups (3) and (7} in U(20). 5 (7.5)

(©) LetH = {0,+n,+2n,+3n,..}. Find all left cosets of HmZ (1.5)

(@) Let H be a normal subgroup of a group G and X be any subgroup of G, then (7.5)

prove that HK = {hk| k € H,k € K} is a subgroup of G.
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Write down a complete Cayley table for D3, the group of symmetries of a (7.5)
triangle. Is D; Abelian?

Let R” be a group of nonzero real numbers under multiplication. Show that ¢ = {7.5)
A - det4 is 2 homomorphism from GL(2, R) to R*. What is the Kernel.

State the subring test. Prove or disprove that the set (7.5)
- o a a+ b \ : -
R—{L+b 2 l1abez)

is a subring of the ring of all 2 X 2 matrices over Z.

Define characteristic of a ring. Let R be a ring with unity {. Prove that if ] has (7.5

infinite order under addition then charR = 0. If ] has order » under addition,
then charR = =n.

Prove that a finite Integral Domain is a field. Hence, show that Zy is a field, (735)
where p is a prime number.

Let f: R — S be a ring homomorphism. Prove that (7.5
@) Kerf is an ideal of R.
Every ideal 4 of a ring R is the kernel of a ring homomorphism of R.

Prove that if an ideal I of a ring R contains a uhit, then f = R. Hence, prove (7.5)
that the only ideals of a field F are {0} and F itself.

State and prove the first Isomorphism Theorem for Rings. {7.5)
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