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ro)    show that

Z::=o(-1)nx2n=T±forx€(-H)

(c)   let  f(X)=Z:=oanxn be a power series with finite
positive  radius of convergence  R.  Prove  that if
the series converge at x = R, then f is continuous
at x = R. If the. series converges at x = - R, then f
is continuous at x = -R

6.     (a)   Letfbe acontinuous function on [a,b]. Showthat
.        there exists a sequence (pj of pcilynomials such

that pn + f  uniformly on [a,b] and pn(a) = f(a) for
all n.

(b)    If x.a 0 a.nd x € N , show that

L=|-x+x2-x3+....„......+(_x)n-I+t±
1+x                                                                           1+x
Hence show that

in(1+x)=x-¥+i-..........+(-1)n¥+toxgdt
•. (c)    Show that if x > 0 then

1-±+±-&<cosx<1-±+±
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Use 'this  inequality  to  establish  a lower bound
for  7t  `
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•1.    (a)   State and prove  Cauchy's criterion for uniform

convergence for Sequence of functions®

(b)    Show  that  the  sequence  (n2x2e-nx)  converges
uniformly on the interval [1, oo ), but that it does
not converge uniformly in [0, co ).

(c)    (i)    Show that if the sequences`(fn) , (gn)iconverge
uniformly on the set A to f and g, respectively,
then   the   sequence   (fn+gn)    converges
uniformly to. f + g .

(ii)  Discuss  the  uniform  convergence  of  the

sequence of functions (¥)onR
P.T.0.
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2.   (a)  r:tis:f:±t:yeAoa: as;qge€Cs:Efi::s:e::in?i:(¥nicf£?¥g;i

that f is continuous on A.
nx

(b)Letfn(x)=:I==rforxeA±[0,oo).Showthateach

fn is boun.ded on A, but the pointwise limit f of
the sequence (fn) is not bounded on A.  Does the
sequence (fn) converge uniformly to f on A?

(c)    (i)     Let   fn(X)==;,for  X€[0,1].  show  that  the

sequence  (fn)  of  differentiable  functions
•converges  uniformly  to  a  differentiable
functicm  f on  [0,1],  and that the  sequence

(f 'n)  converges on [0,1], but that g(1) ± .f '(1) .

(ii)  If a>O, show that |±Jafl¥dx so
3.    (i)   State and prove Weierstrass M-test for uniform

convergence  of the  series  of functions.  Hence,
show that. Zbn  sinnx is a uniformly convergent

series   given   that    I:bnis   an   absolutely
.convergent  series.

to)   Let fn be a real valued func-tion on [a,b] that has
derivative  f;   on  [a,  b]  for` each  n€N .  Suppose

that the  series'  Zfn  converges for at least one

point of [a,b]  and the  series of derivatives  Zf;
converges uniformly  on  [a,b].  Show that  there
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exists a real valued function f on [a,b] such that
Z:ffl converges uniformly to f on [a,b]. Also, that f

has a deriva.tive on [a,b] and  f ' = £f:

(c)   Discuss    the    pointwise    convergence    of

Z:
col

n=[=;i|9X20.Also,showthatthegivenseries

is  unifo.rmly  convergent  on  [2,   co )  but  not
uniformly convergent on (1, co ).

4.    (a)'  Prove that  i;:=]Sin(i) converges for tall  x€R .

Also, show that the series. converges uniformly on
[-a, a], a>O but convergence is not uniform on R .

ro)   Let (fn) be a sequence of integrable functions on

[a,b]   and   suppose   that   i:=[fn converges
uniformly to f on [a,b]. Show that f is integrable

on[a,b]andJabf=±Jabfn

(c)   Prove that  Z:=t± is convergent for all  x±o.
Also,  show .that the convergence is .not. uniform
for  |x| < 1  but is uniform for  |x| 2 1 .

5.     (a)   Define   power   series    and   its   fLadius    of
convergence. Evaluate the radius of convergence

fortheseries£#xn

P.T.O.


