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•    Write your Roll No. on the top immediately on receipt of this question paper.

•    Attempt six questions in all.

•    Use of a non-programmable scientific calculator is allowed.

1.  (a)  State and prove Bayes'  theorem for random variables. Hence,  explain the notions of
likelihoodfunction,priordistribution,posteriordistributionandmarginaldistribution.

(b)Let¥=(Xi,X2,...,Xtt)bearandomsamplefromaPoissondistributionwithparameter
G,where0isunlmown.Assumethattheprior¢istributionofGisGclmmci(ctryP).Obtainthe
posteriordistributionofGgiven¥,andidentifytheresultingposteriordistribution.

(7,  8)

2.(a)LetXbearandomvariabletakingvalues0and1withprobabilitymassfunction

f,x,G,=(1-8:       :::.

Assume that the prior distribution for a is given by

g(G) -
0.4 s; G  i 0.6

\ oth.erwise.

ObtainthemarginalprobabilitymassfunctionofxandtheposteriordistributionofGgiven
an observed value of x.

(b)SupposeXi,X2,...,Xnisarandomsamplefromanomaldistributionwithknownmean
0  and  unknown  precision  r.  Construct  a  conjugate  prior  for  r  and  identify  the  prior
distribution. Also, obtain the posterior distribution of r given the sample.

(7, 8)

3.  (a) Let  a random  variable X~Ber7Lott[Z£(G), where  G  is unknown.  Obtain Jeffreys'  no-n-
infomativepriorforGandidentifytheresultingpriordistribution.Also,obtaintheposterior
distribution of G given x.

(b) Define generalized maximum likelihood estimate. Suppose



~-.
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/(%,G,-(G-a-G),         x=G0 ,        other

Assume that the prior distribution of G is g(G)  =

likelihood estimate of G.

(8, 7)
4.  (a)  Explain  how  the  Bayes  estimate  of the  unknown  parameter  G    is  obtained  under a

specifiedlossfunctionL(G,ci)usingtheextensiveformofBayesiananalysis.Hence,derive
the   Bayes   estimator   of   G   under   weighted   squared   error   loss   function   I(G,cz)  =
cO(o)(o -a)2,cO(o)  > o.

(b)  Consider the simple  linear regression model  y!  = 4JF! + U{, I. =  1,2, .„ ,n,  where y!  is
the   dependent  variable,   JYi   is  a  fixed  (non-stochastic)   independent  variable,   and   Ui
represents the random error term. The regression parameter P is unknown. Assume that the
errorsU!areindependentlyandidenticallydistributedasIV(0,cr2),witho.2known.Further,
suppose   the  prior  distribution  of  4 is  g¢) =  1,4 € (-co,co).   Derive  the  posterior
distribution of 4. Obtain the Bayes estimator of p  under squared error loss function,  and
compare it with the ordinary least squares estimator of 4.

(6, 9)

5.  (a)  Deflne  the  100(1 -c¥)%  highest  posterior  density  (HfD)  credible  interval  for  a
parameter  G.  Let jYi,jY2 ,..., jYn  be  a random  sample  from  IV(G,1),  where  the  mean  G  is
unknown. Assume that the prior distribution of G  is IV(0,1). Derive the 950/o HPD credible
interval   of  G.   Further,   compare   this   interval   with   the   corresponding   95%   classical
confidence interval and comment on the differences.

(b) Let X~Ber71ott[Z£(G), where G  is unknown,  and suppose the prior distribution for G is
BGCo(cr, 4). Given the loss function

L(©, a) = ©a-1(1 _ o)b-a-1(0 -©)2, a > 1, b > a + 1

flnd the Bayes estimate of G using the duality between the prior distribution and the loss
function.

(7, 8)

6.  (a) Let x =  (xi,x2)  be two  independent observations from a normal distribution IV(a,1).
Suppose we wish to obtain the Bayes estimate of G as a linear estimator of the form 6(x) =
Cixi + C2X2.  ASsume  that the  loss  function  is  I(G, 6(x))  =  (ci%i + c2x2 -G)2, and  the

prior distribution  is uniform  on  (0,1). Obtain the risk function and the Bayes risk for the
given estimator. Also, obtain the Bayes estimate of G using the normal form of Bayesian
analysis.

(b) Suppose Xi, X2 ,..., X„ is a random sample from IV(G,1), where G is unknown. Consider
the hypotheses: Ho: G  = 0 Vs fJi: a  =  1. Assume that, a-priori, both hypotheses Ho and fJi
are equally likely. Find the posterior odds in favour of fro after observing the sample, and
also compute the Bayes factor in favour of Ho .

(8, 7)



7. (a) Consider testing two composite hypotheses :Ho: G € Oo against Hi: G € Oi. Show that the
Bayes factor is the ratio of weighted (or marginal)  likelihoods over the parameter spaces
Oo and  Oi,  where  the  likelihoods  are  aver4ged  with  respect  to  their  respective  prior
distributions.                                                                 \

(b) Consider testing the hypothesis Ho: a = 2 against Hi: G ± 2, where the observed data
followaPoissondistributionwithparameterG.:'AssunethatthepriordistributionofGunder
Hi   is  Gamma  with  parameters  a  and  P,  i.e.,  gi(a)~Gcrmmci(cr,A).  Given  that  an
observation (x = 4) is recorded, derive the expression for the Bayes factor in favour of fro.
Evaluate the Bayes  factor when c¥ = P = 1. Hence,  find the  posterior probability  of Ho
assuming equal prior probabilities for Ho and,dr[. Comment on the behaviour of the Bayes
factor when the prior becomes non-informativ? (i.e., as 4 i 0).

(6, 9)


