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(a) Write the logistic growth model and find out the equilibrium points.
Also, classify them as stable or unstable.

(b) A drug is available in doses of M mg, which raise the blood plasma
concentration of an average adult by 10 mgl”. Once in the blood
plasma, the drug concentration decays according to the equation

dC(t) —-C(1)

dt  t
Health regulations require that concentration never exceeds 15 mgl™.
What is the shortest safe time interval at which dose can be given
regularly? What is the minimum concentration if doses are given at

this time interval?

with 7 = 4h.

(¢) The rate of increase of bacteria in a culture is proportional to the
number present. The population multiplies by the factor » in the time
interval 7. Find the number of bacteria at time ¢ when the initial
population is Po.
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(a) State the law of mass action. Use the law to derive a system of
equations modelling the chemical reaction
A+Y b2 5 x,
X+Y—% 5P,
A+ X —*2 52X +Z,
2X & 50

Z—* 5 1y

(b) Describe the Verhulst-model for the discrete population growth. Show
that the equilibrium states for this model are P = 0 and P = K.

(¢) Determine the rest states in Volterra-Lotka model of predator-prey
interaction
dX
— =—eX + fXY
dt
d
ar =aqY -bY’ —cXY.
dt
If predator and prey are present in the steady state, show that the

coefficients g, b, ¢, e and f'must satisfy the constraints

a €
_—>—;,C¢O.
b

(a) Discuss the direction of travel near the null-clines of the following
modified SIS model:

ds

- = —0.002 SI + 0.1,

dl _
- = 0.00251 — 0.41.

Also sketch the phase plane diagram.

(b) Explain the SIS (Susceptible-Infectives-Susceptible) epidemic model.
State its assumptions, write the differential equations, and explain the
parameters used.
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(c¢) Describe the SIR ( Su.scentiblc-Tn ectives-Recovered) epidemw model
it

will not take place if S(0) <= B , where o is the infectio

the per-capita recovery rate.

(a) Consider the predator—prey model:

dV_ f\‘l’Y n_a
«(1-g)v-rov. 5%
do
— = —50 + €0V.
dt

Here V(t) stands for number of Voles (prey) and O(t) stands for
number of Owls (predator) at time t. K is the carrying capacity of prey
growth. The other parameters have usual meanings. Show that the

equilibrium point (g ,% , = %ff) is asymptotically stable when g < %

(b) Determine the nature and stability of the equilibrium point (0, 0) for
the system:

X =5x+2y,

y = 2x + 2y,
by determining the eigenvalues of the Jacobian matrix associated with
the equilibrium point.

(c) Use Poincaré-Bendixson theorem to show that the system

V.0) ZV 2 Vo
dt =1 - 6 1+V’

"do

= gn,0) =60 (1 -9)

v

has a periodic solution for 0 < § < 113

PTO.
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(a) What is bifurcation? Show that

dx _ 1
d

y—-—- —
Frials y(x+1),

has an equilibrium point, which is a stable node, for u <1, that
becomes a saddle-point as u passes through the bifurcation point u =
1. Also show that there is an additional equilibrium point when u > 1,
which is a stable node.

(b) What is Hopf bifurcation? Show that Hopf bifurcation holds for the
following system
x=-y+x(u-x’—~y?),
y=x+yu—x*-y?.
(c) Discuss the stability of limit cycle when Py, P;, P,, ... are the points on
Poincare line and P, is at a distance of s,, form P, and such that

[ = floe Y whora D iq the fived noint
On+1 j \On}, YYliwvis 1 0 1D UiV 11Aavyg HUILI‘-

(a) Show that
x = ux(2y — 1),
y=p—yQ2x+1),

has an equilibrium point, which is a saddle node for % <pu<1landa

saddle focus for 4 > 1. Prove that u = % is a bifurcation point.

(b) Write the transition matrix for Jukes-Cantor model of base substitution
stating the significance of each entry. In what proportion of the sites
will each base appear after one time step? What proportion of sites will
have a base A in the ancestral sequence and a base T in the descendent
sequence one step later?

(c) Explain Kimura 2-parameter and 3-parameter models along with their
corresponding distance formulas. Write the expression of the log-det
distance between S, and S;.

(500)



