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Define an abelian group. Show that the set of all 2x2 matrices with real entries is  (7.5)

not a group under multiplication.

Let G = {(Z g) ta# 0 ac¢€ R}. Prove that G is a group under matnx (7.5)

multiplication.

3 4

" 4] €SL(2,Z;).

Find the inverse of {

(7.5)

What is a subgroup? Let G be an abelian group with identity e. Then show that (7.5)

H={x € G|x* = e}isasubgroup of G.

Let G be an abelian group and H and X be subgroups of G. Then show that HK = (7.5)

{hk | h € H,k € K}isasubgroup of G.
In the group Z.2, find |a|, |b| and |a + b whena =5, b = 4.
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Lem_[s 1462 S]andﬁ_[zt 6351 2]‘
Compute a1, 871, 0(a), 0(B) and Ba.

(7.5)

(7.5)

List the elements of the subgroups (3) and {15) in Zg. Let a be a group element (7.5)

of order 18. List the elements of the subgroups {a®), and {a

15).

State Lagrange’s Theorem. Suppose that X is a proper subgroup of Hand His a (7.5)
proper subgroup of G. If |K| = 42 and |G| = 420, what are the possible orders

of H.
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4. (a) Prove that the group SL(2, R) of 2 X 2 matrices with determinant 1 is a normal (7.5)
subgroup of GL(2, R), the group of 2 X 2 matrices with nonzero determinant.

b 7.5
() Define factor group. What is the order of the factor group Zgq/(15). (75)

(©)  Let ¢ be a homomorphism from a group G to a group GandletHbea subgroup (7.5)
of G. Then show that if H is cyclic then ¢(H) is also cyclic. Check whether the
mapping ¢(x) = x? from R, the real numbers under addition, to itself is a
homomorphism?

5. (@ (i) Prove that the set A = {{a 0

0 b] lab € z} is a subring of the ring of all 2 x 2 (7-3)

matrices over Z.
(1i) Prove that a unit of a ring divides every element of the ring.

(b) Prove that the ring Z, of integers modulo p where p is a prime is an integral (7.5)
domain. Is Z @ Z an Integral Domain? Justify.

(¢) Prove that characteristic of an Integral Domain is 0 or a prime number. (7.5)

6. (a) Let f: R — S be a ring homomorphism. Prove that (7.5)

(i) f(A) is a subring of S where A is a subring of R.
(11) if A is an ideal and f'is onto S, then f{A) is an i1deal of S.

(b) (1) Prove that every ring homomorphism f from Z,, to itself has the form (7.5)
f(x) = ax, where a* = a.

(i1) Prove or disprove that the correspondence x — 5x from Zs to Z;, is aring
homomorphism.

{(c) LetR [xb] denote the set of all polynomials with real coefficients and let A denote (7.5)
the subset of all polynomials with constant term 0. Prove that 4 is an ideal of
R[x]and A =< x >.
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