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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt of this question paper.
2. Attempt all questions by selecting two parts from each question.

3. Each part carries 7.5 marks.

4. Use of Calculator not allowed.

1(a). Define greatest common divisor(gcd) and least common multiple(lcm) of two non-zero
integers a and b and apply the definition to find gcd and lem of the following:

(i) 22x32x5and2 x 3% x 72 (i) p? x g% x 73, and p X g% X 15
p

(b). Define a group. Show that the set R\{0} forms a group under ordinary multiplication.
(c). Find the inverse of the element A = (f ;) in the general linear group GL(2,Z,).

2(a). Let G be an abelian group with identity e. Prove that the set H = fxeG:x*=¢}isa
subgroup of G.

(b). Consider a finite group G and let a € G. If |a| = 18, find the orders of elements
a2, a'2,a?1,q?3 and a5,

(c). Form a Cayley’s table for dihedral group D; of symmetries of an equilateral triangle.
Is D; abelian?

3 (a) Let the permutation & = (13256)(23)(46512) compute the following:
I
(i)  Write a as product of disjoint cycles
(1) Orderof
(b) Let H be a subgroup of G and let a,b € G, then show that aH = bH if and only

if a € bH.
(c) Let G be a finite group, and let a € G then show that a!! = e.
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4 (a) Let Z be the set integers is group under addition and 4Z = {0, +4, £8,. . .} is normal
subgroup of Z. Construct all the left cosets of 4Z in Z and construct the Cayley table.

(b) Prove that a factor group of a cyclic group is cyclic.

(c) Let R*be the group of nonzero real numbers under multiplication. Let G =
GL(2, R) and mapping ¢:G — R*defined by ¢(A) = det A. Prove that mapping
¢ is a homomorphism and also determine the K. er(¢).

5. (a) Prove that the intersection of any family of ideals of a ring R is an ideal of R.

(b) Show that the set QV(3) = {a + bV3 | a,b € Q} isa field.

(c) Define the characteristic of a ring. Prove that the characteristic of a field is either
zero or a prime number.

6. (a) State the ideal test. Prove that 4Z = {4n | n € Z} is an ideal of Z.

(b) Show that the mapping ¢: Zg = Z2 defined by ¢(x) = 2x.isarng
homomorphism.

(¢) Let ¢: R —S be a ring homomorphism and let A be an ideal of R. Prove that
¢(A) = {¢(a) | a € A} is an ideal of G(R).
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