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Instructions for Candidates
1.     Write your Roll No. on the top. immediately on receipt of this question paper.
2.     AI|questions are compulsory.   `
3.     Attempt any. TWO parts from each ques,tiom
4.     All questions carry equal marks.
5.     Use ofcalculator is not allowed.

1.          (a)        Let 4 and ¢L' be'two ordered bases for a finite-dimeusionalvector space v.
(i) Define change of coordinate. matrixl.)Q that changes 4'-coordinates into P-

coordinates.
-(ii) Shny that for any v € V`, [t7]p = a [o]p ,.,.

(iii) Let P = {(1,1), (1, -1)} and P' = {(2,4),,(3,1)} be two ordered bases of
IR2.Talcingp=(2,3),verifythat[¥]#=Q[t7]pi.

a)       Let I:P£(R) + R2 be a lineartransformationgivenby
I(p(x)) = (p(O), p(2)), V p(X) € Pi(R).

Let P and y be, standard ordered bases for Pi (in) ,and R2 respectively. Verify

that[r£];:-([r]z)t.
•(c).       Define `annihilafor vi7.0 of'a subset w ofa vector space v. Show that w° is a

subspace.of .V. Prove that if W is a subsp.ace of V, then d].in(W) +
d!77i(W°) i  dim(V).

(a)        D?fine eigenvalues,, eigenvectors and ch,ara.cteristic polynomial ofa linear
opera.torTdefmedonan7l-dinensiqual;lyectorspaceV.LetTbetheoperator
on R2 that rotates the. plane through in angle 8 (.a. <  € < 7r).  Obtain the
chancteristic polynomial of I and hence deduce that I has no eigenvalues and
eigetry?gtors.

Showfflatthechaact,eristicpolynomial-ofanydiagonalizable]ihearoperator
splits.Isthe.coin+ersetrue?Justify.

Let Wi, W2, , . I , W* be subspaces of a finite-dimensional vector space V. Show
that V .= Wi ® W2 © ... \® Wk if and ordy if each v,ector v E V can be
uniquely written as p = t7i + p2 + ..` + t7fe  /or so27ie t7£ E wi .

P.T.O.



2.

(a)        Forwihich of the fol]owing`linear operator T' onthe vector space v, determine
wheth.er the given sul]space W is I-invariant subspace` dfv':
•{i)  V =  P2(R),  I(f(r)).= f'(x),. and W = tf E P2cO i f(0) i= 1}.

(ii.) vr =  m3,,  T¢, b, c) = (a + b, b + c, q + c),  .and W =. {(C,,t, t) 1:' €  .E ng}.

a?).        Let I be a linear operator_on a frite -dinensional vector space v.and']et w be
a I-invariarit subspace` bf V. Prove that `if the' chatacteristie polyhomial .'`of .T'
splits, then the characteristic polynomial `,of Tgiv also splits.

(c),         Compute deminimal polynomial of the.niatrix A,

A-(i  :.:   !`).

(a).         Let# = (2,1 + i.,|`i)iandy = (2 + i,2,1 -'2{}be.vectors in c3. Comf]ute
(#, y):  ]1#.]1,  I.Iy|| and Ilo:r + giv||`.`The_n verify tie,Capchy-Schwalz inequality.

and the triangle inequali\ty for above ve-ctors ,% and y.

a)        Prove that ifv is an.inner prodnct space; then I(-`%,,y.}:I =L; ||.#||||y|| if and only `if
one of the. vectors x or y is, a multiple of the other.

(c)`        U.sing Grani-Schmidtprocess, obtain an orthonormal basis # for,'span(S). where
S =`,{(1,0,1)., .(0,1,1),.(1,1,0)}. Also, compute the F\ourier coefficients. of x ,=
(1,1,.1)withresj)eo,tto4.

(a)        Write the definition -of the brinogonal compl.ement.Ofa set s in an inner
p;oiu:#[a.cev.L`etw=span[(i,a,1)}jnc3.Findorfhonormalbasesfor

a)        For.each o-ft-herfol.lowing irmer product spaces v and linearoperators I
on V, evalua`te. T± at the given vector in. V :

(i}       V = H&2,I(a[,L®, = -(a+ b,,a`-JZ7}b  xL=. (1,2).
I     ¢r)      V =PL(mt)vy±+hlf €x),gcx» --I =±f cog`®de.`TcO =f',I ®,--

1 + 2`£.,  I \

(c)        Find the minimal solution for the following s`}stem of linear eqtiations
#+2y+Z=   .r4      `
#. -y + 2z ,-i-Ill
#+5y        `-19.

`(q)       Lot T be a lineal operator on a finite' diineusional complexinnerprodutt space
V. Prove, that I ,is norinal if .and only ifthere ?xists an orthonormal basis for V
cous'isting of eigenvectors of 7.

I.a))       For the given matrix A, find an orthogonal madix p an.d a diagonal inatrix D`

such that P*AP = D,,.where

A =  (i    2-,.

(p)`        Let r bea linear operator on aninnerproduct`spaee v. Prove` that I is an
Orthogonal projection if and only` if I has an adj'OfntT* and T'2 =  T* = I.
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