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1.   (a)  Define  the  kemel  of  a  ring  homomorphism.   Show  that  the  kernel  of  a  ring

homomolphism is an ideal of the domaln ring.

a) Define ideal of a agivg. Prove that the sum of two ideals of a ring is also an ideal.

(c) Define an Euclidean ring and a principal ideal ring and give one example of each.

2.   (a) Let A be a commutative ring with unit ele.ment and I be an ideal of A. Prove that I is

maxiinal if and only if the quotient ring A/I is a field.

(b) Prove that every' Principal Ideal Domain is a Unique Factorizatioh Domain.

(c)  State and prove the First Isomoxphism Theorem for ring homomoxphisms.

3.   (a) Prove that the polynomial /(#) = 1 + # + #2 +  ......... + xP-1  , where p is a prime

nuriber, is irreducible over the field of rational numbers.

a) Let F be a field. Prove that if f(I) and g(#) are two non-zero element of F[x], then
degu(x))<_degcf(x).gcx)}.
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(c) Prove that if the primitive polynomial f`(x)  can be factored as the product of two

polynomials having rational coefficient, then it can be  factored .as the product of two

polynomials having integer coefficients.

4.   (a) Let F be a field and let /(x) E F[x]. Then prove that any two splitting field of f(#)

over F are isomorphic.

(b) Prove that if a polynomial f (x) over a field F has a mu.Itiple zero in some extension E

then /(x) cnd /'(I) have a common factor of positive degree in F[x] .

(c) Define Perfect field and give one example of it. Prove that every finite field is Perfect.

5.   (a) Prove that every finite extension of a field F is an.algebraic extension but the converse

may not be true, give example.

(b) Show that `/Z + V5  is an alget;raic element of degree 6 over the field Q.

(c) Prove that Q(V5, V5) =  Q(V5 + V5).

6.   (a) If a and b are constructible numbers, give a geometrical proof that c[b is constmctible.

(b) Prove that an angle G is constructible if and only if sin G is constructible.

(c) Draw the subfield`lattice of GF(224) and write down the generator of each subfield.
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