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Instructions

1. Write your Roll Number on the top immediately on the receipt of the question paper.

2. Attempt five questions in all. Question number 1 is compulsory. Attempt any four questions
amongst questions 2-6.

All questions carry equal marks.

Use of non-programmable scientific calculators is allowed.

Unless specified, the paper uses SI units.

The metric used is Iy = (=, —,-).

Students are advised to mention the units and metric they are using.

Some useful formulae are provided at the end of question paper.
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Q1. Attempt any six parts. All parts carry equal marks.
a) The electric and magnetic fields in an inertial frame have values E = (6,8,0)V/m

and B =(0,0,2 x 107®)T respectively. Determine whether there exists a frame in which the
electric field vanishes.

b) Show that the Lorenz Gauge condition V - 4 + Ciz Z—f = 0 can be written in a manifestly

covariant form.
¢) Express the quantity 9, (A, F*) in terms of electric and magnetic fields. Here FAV is the
electromagnetic field tensor satisfying Maxwell’s equations in vacuum and 4, is the
corresponding four-potential.
d) A proton moves in a region where the fields are B = 3.0 x 10* £ V/m, B = 0.10 & T. If the
initial velocity'is zero determine the drift velocity.
e) In which direction(s) is the radiation intensity maximum and zero for an oscillating electric
dipole?
i) ’ What are the conditions that characterise the radiation (far) zone? Mention two
approximations which are valid in this zone?
g8) A system is described by a Lagrangian L(q;, q,, t). If under an infinitesimal transformation
of generalised coordinates given by q; = q; + €8q; the Lagrangian changes by 6L = ¢ Z—It{, show

that the Euler-Lagrange equation satisfied the system does not change.

(3x6=18)
Q2.

a) Suppose that the vector potential A satisfies Coulomb gauge condition. Let the current
density f be decomposed as f = ]_;3 + ]_; withV x Tg) =0and V- ft = 0. Using Maxwell’s

equations and continuity equation, show that

. 1 =28@ 2
c2 at 0]{’
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b) Starting from the transformation law of electromagnetic field tensor F #Vas a rank-2 tensor

under a Lorentz boost along the x-axis, derive the transformation equations for the
components of electric field E and magnetic field B.

(10, 8)
Q3.

a) A charged particle moves in uniform, static crossed fields E =E,jand B = B, k. Determine
the trajectory of the particle and derive the E X B drift velocity.

b) A proton starts from rest and is accelerated by a uniform electric field E = 10° V/m. Using
the relativistic equation of motion, determine its position and velocity at time #= 10 ns.
Compare your result with the corresponding non-relativistic motion.

(10, 8)
Q4.

a) The electric and magnetic field vectors in an inertial frame K are given by
- _ — _ E‘g
E=(0,E,0), B=(02,0)
where E, is a constant. Determine the velocity of an inertial frame K', moving along x-axis

relative to frame K, such that the transformed fields E' and B make an angle 60° with each other.
b) The total power radiated by an accelerated relativistic charge g, moving with velocity D
and acceleration d , is given by the Liénard formula
1 Zqu6 512 5> 312 >
p= o [Iﬁl - |8 4] ] where f =

41eg
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Obtain the corresponding expressions and interpret the result physically in the following
limiting cases:
i.  Non-relativistic motion of the charge
ii.  Velocity and acceleration of the particle are collinear
iii. Velocity and acceleration of the particle are perpendicular to each other.
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Q5.

a) The scalar potential ®(#, t) in Lorenz fzgauge satisfies the {nhomogeneous wave equation
(v2 LB e@wn = - B(—;i)
For which the Green’s function is defined by
(VZ _21_ —2—> GG 7t t") = —4ns3(F —7)8( — t).
i. Using Fourier transform in.time and the result
(V3 + kz)fll-:{—li = —4n53(R), R=#-7, R=[F-7]

(where V3 is the Laplacian with respect to R ), show that

|7 —7|
_’_—_———
S(t t -

| #—7"1
is the retarded Green’s function for the wave equation.

G (77t t") =
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ii. Why is the retarded Green’s function physically preferred over the advanced Green’s func-
tion?
iii. Using G (7, 7'; t, "), derive the expression for the retarded scalar potential:

=y . 1 p('tr) 3., —

Ot (7, 1) = p I o 1 tr=t -

b) An oscillating charge distribution has a characteristic size of 1 cm and radiates at 10 GHz.
Estimate the wavelength of the emitted radiation. Hence determine the ranges of the observation

distance » from the source corresponding to the near, intermediate, and far (radiation) zones.
(12, 6)

a) Write the Lagrangian density for the electromagnetic field interacting with a four -current J.
Derive the Maxwell's inhomogeneous equations using the Euler—Lagrange equations for the
fields.

b) Show that the trace of the electromagnetic energy-momentum tensor vanishes: TL{‘ =0.

What is the physical significance of this result?

(10, 8)
Some Useful Expressions
1. The Electromagnetic Field Tensor FE” = gt AV — gv4*
FO = ——E?l = —F® and FY = — ¢k B, for metric signature + - —-).
FO = E?L = ~F" and FY = e'* B, for metric signature (—+ ++)i
2. Dual field tensor: F# = %e’“’“[” Fap
3. Lorentz Transformation of Fields for Boost along x-axis:
Ey=E, E,=y(E,~vB,) E;=(E+vB,)
14 4 v ! v
B.=B, By=(B, +;2—EZ) B =v (B, —C—zEy)
4. Energy Momentum Tensor :
T = = (~FUaRY + 2 g B, ) with g, = diag(+ -, — —)

5. Useful Vector Identities:

a. @x(bx&)=(@- db- (a-b)e

b. (@ xD)-(Exd)=@-OE-dy- (- d)E - &)

c. (@xDb)x(@xd)=(a-Bxd)é- (a-bx2)d

d V-(@xB)=b5-(Vxa)— a-(VxBb)

e. Vx(@xb)=a(V-b)~B(F¥-&) +(5 V)i (2-V)b

£ V(@ -B)= (a-P)b+ (b -P)a+ dx (VxB) + bx(Vxa)

3 o0f4
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6. Vector Differential Operators in Cylindrical Coordinates (p,d,2),
a. Vf= ?—f- p +1 o+ — af 2 for a scalar field f (p, ¢, 2)

p6¢
2 _3_"’_ Y42 "’zf
b. V3f = . ap(pap)+p2 a¢2+ forascalarﬁeldf(p,qf) Z)

2pa,) + = 104p 4 aAz for a vector field 4 = A, p+ A¢¢ +A;Z

1
p 0dp p 9¢

o 2 104, 94 3Ap 04z 13(p4g) _ 124y
d. VXA—P[ ]+¢[:az Bp]+Z[P ap p 3¢

7. Vector Differential Operators in Sphericdl Polar Coordinates (1,6, ¢),

Sr_f a1 g, 2 OF
a. Vf=fT+25; 9+r5m9 26 ! qb forascalarﬁeldf(r 0,9),
2p_ 18( 20\, 1 8 I S
b. Vif = 2 or T ar +r25m9 L] Slne rzsinze a2
S _1_6(1'2AT) 1 9(sin04g) 1 04y > o
c. VA= — +—ne ae +rsin9_6¢ for a vector field A = A, 7+

. 1 [o(sineag) o4g]|, g1[_1 094r _ a(TA¢) ~1[3(rdg) _
d v><A_arrsine[ 06 ¢ +9r sin@ d¢ ¢r[
a(A-r)] ’
ae

8. Useful Physical Constants

Quantity Value (SI Units)
M. = 911 x 10 3kg
m, = 1.67 x 1072"kg

Electron mass

Proton Mass

Proton charge e=16 x107C

Speed of light c=3 x10%ms™*
€, = 8.854 X 10~ 1?Fm™?

1, = 1257 x 1076 Hm™

Vacuum permittivity

Vacuum Permeability

(300)

o WO oy DWW o WOV, W N B NP WA W TSP

L RS o U T RNV ST pa. RNSYY S




