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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt of this question paper.
2. Attempt all six (06) questions by doing any two parts from each question.

3. All questions carry equal marks.

4. Notations used are standard.

Q1 (a) Write the parametric equanon of the elhpse +— =1 waced in the anticlockwise
direction and then determine its curvature.
{b) Prove that if the curvature of a plane curve p is constant & > (), then p describes a circle
with radius +
(c) Prove that everv oval (i.e. convex closed curve) has at least four vernces.

Q2 (a) Define the curvature of a space curve pis) and then state the Frenet-Serret’s formula.
Also state the assumption required on the curvature, 1f any

{b) Calculate the curvature and torsion for the space curve g(t) = (t,t%,t%).

ic) If a simple closed curve p(s) in the space is a non-trivial knot, then show that its total
curvature is at least 4.

()3 (a) For each of the following surfaces, write the name of surface and its equation in cartesian
form

(i) x=aucosv, y=husinv, z=u"
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(b} Prove that the necessary and sufficient condition for a curve p(s)={u(s).v(s)) ona
surface p{u,v) to be a geodesic is that [u[s},v{sj} i5 a solution to the following
system of differential equations
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{c) Prove that the surface
x=3u+3w’ —u', p=v' —Iv—3u'y, z =3{u3 —1'1}.
15 a minimal surface. Also, calculate its Gaussian curvature K.
(4 (a) What 15 Ruled Surface? Prove that for a muled surface, K <0 everywhere.

(b) Define the exterior multiplication. Prove that when the coordinates |::.r, v} are changed

to the polar coordinates (r.#) by using the equations & = rcosé, v =rsiné . then
du sdv=rdradf.

(c) Let p(s) be a space curve with curvature & >0 everywhere. Show that the torsion

r =0 everywhere if and only p(s) lies in a plane.

()5 (a) Let the differential operators X" and ¥ acting on functions be defined as
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Express the vector field 1_.31',}"] using &', ' (#=1,2). Prove that for three vector fields
X, Y, Z the following equations holds:

(X120 (1%, 21X+ [[2.X L[] =0

(b) For a differential 2-form @ = fdu' A du’, let gp[:{'.y}—-_f'l[.ﬁ'rf —-.fz.r;'jl. Show that if
@ and y are 1-forms, then

(i) (pay)(X.F)=p(X)w (¥)-p(X)p(¥).
(ii) (dp)(X.¥) = X (@(¥))-F (o (X))~ ([ X.Y]).

(c) Define the covanant denvative % of a tangent vector X = &g, + £e, along the curve

X=f

B(1)= plu(r).v(¢)) lying on the surface p(u,v). Show that it is independent of the
second fundamental form.

06 (a) Prove that every geodesic of a sphere 15 a great circle,
(b) Determine the connection form w.' and the curvarure K when a Riemannian metric is
given by duuch + Gelvaly
with respect to the parallel coordinate system.
{c)Let C:u =10 beageodesic in the consruction of the geodesic parallel coordinate system
and g =+/G in the Rigmannian metric dudh + Galvelv . Prove that g_(0,v)=0.
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