
•t|ot!e loj 9[durexe ue eAI8 pun so!uet|o9ur unguenb
uT  s!st?q  snonu!iuoo  pun  s!seq  e]9ros!p Joj  uo!|Ipuoo  uo!|t?z!|t}tmou  et|l  unop  elHA|  a)

6ihel!un S! 9®3a
= a ropeJodo eq} peq} os ¢s!}t2s 9 JopeJedo pun zJ J9}eurrm2d eq} isrm suo!]!puoo |eRA (9)

• [-7 `+7] 9.I `IOpeIodo um|ueunour m|n8ue sngoAAo|

pus  sulsltzl  et|i  u99Atry9q  t[Opr2|9I  uolit2inurtlloo  9qi  u!t2iqo  `r7 `x7]  uloE  8u!peis  (p)

•(x)4 pe!}uO}Od p9pe!OOsse 9q} PUIH .30,,_a(2./x]£) u!s =  (I `r)¢ tlopoung9AI2M

SufABq pne a 5 # 5 o uo!891 9q} u!t|iIA pouHuoo 9|oprtzd |t2uolsuotngp-ouo e lep!suoo (o)

•£#(ga)joen|BAeqipuH.Jo}BIedoeAIpeAH9P9q}9qxp/P=919|(q)

(27z-)-(z,,(:)-(Tl

39H et|} 8u!sn
sloio9A 9oBds 3J9q|!H jo |Xa|uoo 9q| TIT 4!|tmb9u! Zm2JIAqos 8q| I:0 4IP!|t2A 9q} xp9t|D  (8)

:suops®nb u®A®s 8u!AAono| ®t|} ]o x|s Ant; ]du®#v .I

•Iedr2d eqijo isel eqi urng suolisenb eJdur mod ldueny   .ly

•ifros|nduroo s[ I  .oN uo!}senD    .€

•|pe u! suopsonb aAId }dure»v   .Z
•id[909I s}! uo A|e}tz[peuml! `Jeded uo!]senb 9qijo dot uo .oN [loH mod elHAA   . I

sapep!ptltzD Io| suoponl]st]|

06 :S¥neIN untH!Xt2Pu smoH € :uo!}tanG

1 IIA                                      :Jolsoura s

HDDn :dEN SO!SAqd (.SuoH).os.a                 :esmoD oqijo etm2N

(Hsa) I -so!uet|o9N urnirmD pooueApv                  :Jeded oqij:o ounN

€€0010€ZZZ                  :epoo Joded enbprn

:Ieded uo!isenD jo .oN .IS

'ON IIOH

I.s®3t;d p®ingld F suit;}uoo I®ded uopsanb s!q|]

a#S3b  .®N  ff\:3S



(g) Determine whether the density matrix
.i: - (

represents a pure state or mixed state.
3 x 6 = 18 Marks

2.

(a) Consider the Hermitian operator

A-(:   5)

acting  on  a .two  -  dimensional  Hilbert  space.  Find the  eigenvalues  (  cli, cz2  )  and  the
corresponding  normalized   eigenvectors   (Idyl), Idyl))   of  A.   Construct  the  projection
operatorsj5iandP2correspondingtobotheigenvectorsandverifythatA=clij5i+cl2Pz.

(12 marks)

(b) Consider four operators A, 8, C, and D, where A and 8 are Hemitian operators and C
and fi are skew-Hemitian operators. If Oi = [6, C] and ¢2 = [(A^ + 8), 6]. Identify with
proof whether Oi and 02 are Hermitian, skew-Hermitian, or neither.

(6 marks)

3.

(a) The creation and annihilation operators for the one-dimensional harmonic oscillator in
the Schr6dinger picture are defined as

mu--   Jfwih(maj£ + ZZ5),          a+  =Jzrfe (mco£ - ifi)

where f and ¢ satisfy the canonical commutation relation [£, ¢] = £fa.

i)  Write  down  the  Hamiltonian  of the  harmohic  oscillator  H  in  Schrodinger picture.
ii)  Write  down the  Heisenberg  equation  of motion in differential  form  for the  ladder
operatorsa¥(I).
iii) Solve this differential equation to find the explicit time dependence of ladder operators
in the Heisenberg picture.

(12 marks)

@) Show that {a£,^crj} = 26{jj , where {a{,^o.,.} = af a,. +  a,.a{ .
(6 Marks)

(a) Consider the addition of two angular momenta with quantum numbers ji = 1 andj2 =
1. Write down the possible values of the total angular momentum quantum number j and
theallowedvaluesofthemagneticquantumnumbermforeachcase.EvaluatetheClebsch-



Gordon  coefficients  for  the  coupled  states  having  total  angular  momentum  quantum
number j = 2.

(15 marks)

a)Giventiecanonicalcommutationrelation[£,¢]=£fa,evaluatethecommutator

pe,ea¢]

where cl is a real constant.

(3 marks)

(a)  `Two  identical,  non-interacting  apinro  bosoms  of mass  in  are  confined  in  a  one-
dimensional infinite potential well of width L. Write the normalized two-particle ground-
state  wavefunction.  Find  the  ground-state  energy.  Calculate  the  probability  that  both
particles are found in the right half of the box.

(10 marks)

a) Using the definitions of angular momentum ladder operators, obtain an expression for
theciperatorpfoduct£+i_interrnsof£2andfzoperators.Also,evahatetheeigenvalueof
the operator i+i_operated on the state |2,1).

(8 marks)

6.

(a)Cousideraapin-±particledescribedusingthestandardbasis{|t),|J)}.Thesystemis
praparedsuchthatwithprobability0.6,theparticleisinthenormalisedstate|dyi),andwith
probability 0.4 , it is in the state |rty2), where

dyl,-±(,t,+"      ,dy2,-,t,

Write each state using the column vector representation and construct the correaponding
density matrix for the system. Find the eigenvalues of the density matrix. Determine if it
represents a pure state or mixed state.

(12 marks)

a)Assumeaapin-±particleintheeigenstateofjzwitheigenvalue+1givenbythestate

I + z). Using the generalized uncertainty principle, find the product AjxAjy for the state
I + z).

(6 Marks)
•...".......................--.................................................................,.........

Important formulae
The Pauli matrices are:

cTx = (01   To) , cry = (°t    -ot) , CTz = (Lo    _01)


