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1. (a)If M:L andL:K are extensions. Then show that
[M:K]=[M:L][L:K]
(b) If f € K[x],then there exists a splitting field extension L: K for f, with[L: K] < n!
(c) If L: K is an extension of field K then [L:K]<oo if and only if there exist finitely

many algebraic elements a; 0 03 ... .... &, in L such that
L=K(oy 07 03 ool ).

2. (a) If L: K 1s an extension of field K and a € L, then « is algebraic over K if and only
if [K(a): K] < co. Further deduce that [K(a): K] = deg (m) for minimal
polynomial m,,.

(b) If f € K[x] is irreducible of degree n, show that there is a simple extension
K{(a): K such that [K(a): K] =n and f (a) =0.
(¢) (i) Let f = x% + 2x + 3 be in Z[x], find its splitting field in C(x). What if
fez, xI7
(i1) Can we construct a regular seven -sided polygon with ruler and compasses?
Justify.

3. (a) Show that a finite extension L: K is normal if and only if L: K 1s a sphtting field for
some g € Klx]. ‘

{(b) Define L: K as a separable extension. Show that if L: K is separable and M is an
intermediate field (L: M: K), then L: M is separable and M: K is separable.
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(c) Show that if L: K is an extension and A is a subset of Aut(L), then

(@) yp(4)=24
(i) ¢y(K)2K
(i) @yp(4) = ¢(4)
(iv) voy(K) =y(K).

4.  (a)Suppose L: K is finite. If L: K is a Galois extension, show that |y (K)| = [L: K] and
K = ¢y(K). Otherwise, |y(K)| < [L: K] and K is a proper subfield of ¢y (K).
State any theorems you use clearly.
(b) Find the Galois group of x* — 2 over the field Z,.
(c) Suppose L: K is finite. Let G = I'(L: K) and let Ky = ¢(G). If L: M: K, let
y(M) = T'(L: M). Show that ¢ is one-to-one from the set of subgroups of G onto

fields M, intermediate between L and K, and ¥ 1s its inverse map.

State any theorems you use clearly.

5. (a) Define the discriminant of a polynomial. Prove that the discriminant 1s zero 1f and

only if the polynomial has a repeated root. Compute the discriminant of the
polynomial f(x) =x’ - 3x + 1.

(b) Suppose L: K is a splitting field extension for x™-1 over K. Define m-th-cyclotomic
polynomial Ci)m. Prove that x™ — 1 = [[4/m Pa-

(c) Show that the mapping ®(a) = a? is an automorphism of a finite field F of order
p"(p, a prime) and generates I'(F, Z,,).

6. (a) Show that an algebraic extension L:K is simple if there are only fimtely many

intermediate fields.

(b) Show that Q(v2,v3): Q is a simple extension.
(c) Find the Galois groups of x*+1 over Q.
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