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I.  (a)  Describe
distribution

application.

the role of Bayes'  theorem  in  updating prior beliefs to obtain  the posterior
of an  unknown  parameter.  Further,  explain  the  advantages  of its  sequential

(b)  Suppose  ¥ = (Xi,X2 ,..., Xt[)   is  a  random  sample  from  normal  distribution  with
unknown  mean  G  and  known  variance  or2.  Assume  that  the  prior  distribution  of a  is

¥o°srt=r=:#E.\Ts=]L,E`bntna..ntheposteriordistribu;ir==-6--g.i;=~=..=ar={.±£e`=::£utL#eL\reus±u.°tin\Sposterior distribution.
(6, ,9)

2.(a)LetXbearandomvariabletakingvalues0and1withprobabi]itymassfunction

/(x,G,=(1-8:      :::.

Assume that the prior distribution for G is given by

g(G) =
(0.25,         G =  0.4 or o.60.50'                       0  = 0.5.

Obtainthemarginalprobabilitymassfunc{ionof`xandtheposteriordistributionofGgiven
an observed value of x.

P.T.lo .
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(b)SupposeXi,X2,...,XnisarandomsamplefromPareto(k,0}unknownG.Construct
conjugatepriorforGandidentifytheresultingpriordistribution.Also,obtaintheposterior
distribution of G given the sample.

(7, 8)

3.(a)LetX~IVtr,or2).ObtainJeffreys'n6n-infomativepriorforainthefollowingcases:

(i)whenthemean4[isknown,and

(ii)whenthemean4isunknown,assumingthattr,a.)area-prioridependent.

(b)SupposeXi,X2,...,JfnareindependentlyandidenticallydistributedBernoullirandom
variableswithanunknownprobabilityofsuccess0.Obtainthelargesampleapproximation
to  the  posterior  distribution  of  G,  and  clearly  state  the  result  used  in  obtaining  this
approximation.                                                                                                                                         (7, 8)

4.(a)ExplainhowtheBayesestimateoftheunknownparameterGisobtainedunderaspecified
lossfunctionL(G,ci)usingtheextensiveformofBayesiananalysis.Hence,derivetheBayes
estimatorofGunderabsoluteerrorlossfunctionZ,(G,ci)=|G-ci|.

(b)Considerthesimplelinearregressionmodelyi=¢X,+U!,i=1,2,...,7i,whereyiis
the  dependent  variable,   Xi   is  a  fixed   (non-stochastic)   independent  variable,   and   Ui
representstherandomerrorterm.TheregressionparameterPisunknown.Assumethatthe
errorsUiareindependentlyandidenticallydistributedasjv(0,cr2),withor2known.Further,

supposethepriordistributi6nofpiSIV(Po,g),m>0,Poe(-co,co).Derivetheposterior

distributionofp.Showthattheposteriormeanisaweightedaverageofthepriormeanand
the ordinary least squares estimator ofp.                                                                                    /4  o\

5.(a)AssumeX~IV(G,1)andconsiderthesquarederrorlossfunctionisL(G,c[)=(G-.a)2.
Let the class of decision rules be given by Sc(x) = cx.

(i)Showthatthedecisionrule6`iisR-betterthan6cforallc>1,

(ii)Showthatfor0ScS1,thedecisionrules6carenoii-comparable.

(iii)lfthepriordistributionofGisIV(0,T2),findtheBayesriskof6c.Hence,obtain
theBayesruleandthecorrespondingBayesriskunderthisprior.
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(b)  Let X~Po!sso7t(G), where  G  is  unknown,  and  suppose  the  prior distribution  for G is
Gczm7mz(c¥, ¢). Given the loss function

L(©, a) = 8a-1e-b© (© -©)2, ct > 1, b > 0,

find the Bayes estimate of G  using the duality between the prior distr.ibution and the  loss
function.

(8, 7)

6. (a)  De±`ine Bayes  factor in  favour of Ho.  Show that  Bayes  factor is a ratio of` Iikelihoods.
Assume there are two boxes, Bi and 82. Bi contains four slips numbered from  I  to 4, while
box 82 contains twenty slips numbered from  I  to 20. Each slip within a box is equally likely
to be drawn. Let event E denote the selection of box Bi and event F denote the selection of
box 82. One of the boxes is chosen at random, with equal probability I/2 for each, and then
a slip is drawn from the selected box. The obs8rved outcome is that the number drawn is 3.
Determine the Bayes factor in favour of event .E given this observation.

(b) Suppose that Xi,X2 ,..., Xn  is a random sample from A/(G, oo2) where clo2  is known.  We
wish to test the hypothesis Ho: G  = Go, assuming vague (non-informative) prior beliefs for
G.  Using  Lindley's  procedure,  find  out  the  decision  rule  for  accepting  or  rejecting  the
hypothesis fro at the 5% level of significance.  Apply the rule to test Ho: G =  1  when % =
16, f = 2 and cro2  =  1 and concliide whether Ho should be accepted or rejected.

(8, 7)

7. (a) The waiting time for a bus at a particular location and time of day is assumed to follow
uniform  distribution  U(0,G),  where  G  is  unknown.  It  is  desired  to  test  the  hypotheses
Ho: 0 S G  S 15  against  Hi: 9 > 15.  Based  on  information  from  similar  routes,  a   is
assumedtofoIIowPczreto(5,3)distribution.Ifwaitingtimesof10,3,2,5,I4areobserved,
calculatetheposteriorprobabilityofeachhypothesisandtheposterioroddsinfavourofHo.
Also, compute the Bayes factor in  favour of Ho,  assuming that fro  is the prior probability
that Ho  is true.  Comment on  the  result when  both hypotheses  are ass[imed  to  be  equally
likely a priori.

(b)Letx~Bi.tt(n,G).WewishtotestthehypotheseszJo:G=:againstHi:O±£.Assume
that under Hi, the prior distribution of o is uniform on (0,I).

(i) Derive the Bayes factor in favour of fro .

(ii)Obtaintheposteriorprobabilityoffro,where7TisthepriorprobabilityofHo.

P.T.O.
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(iii)  Further,  assuming that both hypotheses are equally  likely a priori, compute the
Bayes factor for n = 5 when (i) x =  1  and (ii) x = 3. Comment on how the Bayes
factor reflects the strength of evidence in favour of Ho for these given observations.

(7.  8)

(1000)


