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Instructions for Candidates

1.     Writeyour Rol.I No. onthe top immediately on.receipt of this question paper.

2.     Attempt all six (06) questions by doing any two parts from each question.

3.     All questions carry equal marks.

Ql    a)    Show that foranytwo points # and]J ofa metric space there exist disjoint openballs
such that one is centred at # and the other at y. Also, `show that the apace of squae
summable sequences, !2 space, is a metric space.

b}      Show  that  convengence  of  a  sequence  in   b  space  implies  coordinate-wise
convergence but the converse need not hold true.

c)    Define the notions of an open cover and a sul)cover. Furfuer, show that every second
eounfable metric space is Lindel6f.

Q2    a)    Show thatthe set of points ofR at whicb thefuiction /:HR i,R is not contintious
foms a set of type Fa . Dedrce that there is no real-valued function defined on H&  that
i§condnuousateachrationalpoinandisdisconrfuousateachirrational.point.

b)    State and prove Tietze's Extension theorem.

c)    D?fine and give one exalxple of an acwise comected metric spa{re.  Let (X, d)  be
a metric space and #o E X be any elemerfu Prove that X is arcwise comected iff each
% E X Can bejoined to *o by a path.   `

Q3    a)     Prove that a schset y ofthemetricapace (X,,a) is totallybounded iffeverysequence
in y contains a Canchy subsequence.

b)    Define the notions ofseparable and Lindel6fmetric spaces. Sht]w th?i every Lindel6f
metric space is sepanble.

c}    Show that any complete merfe space is of category H.
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Q4.   a)    Define the `nofron of bases for a topologieal space. Let a and .8' be bases for the
topofogies a and S', respectively on X.  Then prove the following are equivalent

I)   5' is finerthans
ii)   For each # € X  and each basis element a € 8 containing  # , there is a basis

element 8' € 8' such that # €  8' = 8.

b}    If s and S' are topologies on X and  9' is strictly finer than 5 , what can you say
about the conesponding subapace topolories on the subset yofx   Show that if A is a
subapace Of  y, then the prodrct topology  on A X a is same as the topology j4 x a
inherits as a sub§pace of x x y.

c)    Defoe Hausdorff Space. Given an exaxple of such a apace. Show that every finite
point set in a Hausdorff space X is closed.

Q5.   a)   Let y  be a subapace ofx. Thenprove a set4  is closed in y if and onlyifit equals
the intersection of a closed set of x  with y . Also, show that if U is an open subset of
atopologicalspaceXand4isclosedinX,thentr-AisopeninXandA-Uisclosed
in x..

b)   Let y= [~1,1] be a subspace of Rs . Which of the following sets are open in y and

whieh ae open in R ? Justify your answer.

•i,    4-(x::dJl<1)

•ii,    B+::<jx,S-1)

(iii,    c-(x::§#,sl)

a)   `Defue a homeomorphism between two spaces  JF  and  y . Give an exanp]e of a
bijeetive funcfron / : Jr i y which is continous but not a homeomorphism.
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Q6`   a)   Show that a fuife cartesian product ofcomected spaces is connected.

b)   Let / : X + y be a bijective continuous map. Show that / is a homeomoxphism if
jx is compact and y is a Hausdorff space.

c)   Which of thg fouowing subsets of lR  are cormerfed? Jlistify your answer.

(i)   [-LO)u(0,l]

{ii)   'The set ® of rational [rmbers

(in)   The graph Of /(#) =sin# over [0,2¢,I
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