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1.     Write your Roll No. on the top imniediately oq receipt ,of this question paper.

2.     Attempt any five parts from Question No.1.

3..     Attempt any two parts from Question No. 2 t,o 6..

1.     (a)    Show that norm is a continuous mapping from.(X,,||.||)  to JR.

.(b)Fixa=`(Chj)€|2,def|neplinearfynctionaalf:12imb.yf(x)=,Z:j?=]orj€j,

whereX=(€j)I?=[.Findthenormofthefunctionalf.

•'(c)    Giv`e deflnition of t'he matrix norin. Show that a norm oh Mn defined as

lIAllco`=]¥?¥n|aij|9`forA=(aij)€Mn

E=

is not a matrix norm.                                                        r

(d)   State parallelogram equality for an inner product space. Give an example to
show 'that die norm oh lp does not satisfy the parallelogram.equality when

p±2.
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2.

3.

(e)   In an inner product space X, show that y '1 xn and xn + x together imply
xly.                                                                                                  u

®ShowthatthegraphG(T)of;1inearoperatorT:XiYisavectorsubspace
of XXY.                                                                                                       i                            ,

(g),`L-etX#a.ndYbeBanach§pacesandT:-XiYaninjective-boT!pd?¢1inear
operator.ShowthatT-I:7Z,(T)iX,isbgund.edifandonlyif7t(T)isclosed
in Y.                                                                                                                               (3x5=15),

(a)    Showthatthenormedspace(12,  H.H2)isaBanachspa6+e.                  I

(b)GivethedefinitionofequivalentnorTsonanormedspaceX.Showthatthe
below given norms .on Rn are equivalent :

xl,L=]X]\,+,X2[+lx3|+.r.+|Xn[,

+...+lxn`2,

Where  X  =  (X,`,` X2,  X3 ,......... Xn)   €  HRH.

(c)    Prove that in a finite dimensional normed space` X every linear operator
on  X  is  b.ounaed.  Is `the  fini.te  dinlensional  condition necessary  for the

(7 .S ,I .5 ,J 5)assertion?

(a)   Let k and Y be normed spaces and T: @(T) i Y be a lin?ar operator. Then
prove that T is continuous if and only if T is bounded.

(b)   Prove that the dual  space of Rn is isomorphic to HRn.

(c)   Find the norm of the linear functional f : C[-1,1] i R clef,ined as

ftxj=r,]xtttdt_+;xtt,dt. (7 .S ,I .5 ,J 5)
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4.     (a)    State the cauchy-Schwarz inequality and, by using it prove the following :

Let  {xn}  and  {yn}  be two  sequences in ap inner product space such that

Xn i X and yn i y, then ;how tfiat  (Xn, yn) i (X,y) .

(b`)   Let  {ek}  be any orthonormal sequence in an inner product space X.  Show
that for any x, y  €  X,

£|(X,ek)(y,ek)|S||X||||y||.
k=l

(c)ShowthatinaninnerproductspaQe`X,x1yifandoplyif||x+cry||>||x||
f^.   ^11    ___1____for all  scalars  or.

(7 .S ,J .5 ,J 5)

5.     (a)   Ifz is any fixed element of an inn6rproduct space x, show that fl(x) = (x,z)

defines a bounded linear functional on X and |m| = ||z||.

(b)   Let  {Tn} be a sequence of bounded self-a.djoint linear operators Tn : H i
H on a Hilbert space H.  Suppose that ||Tn -T|| i 0, where ||.|| is the norm
on the space B(H, H), the space of all bounded linear operators from H to
H.ShowthatthelimitoperatorTisaboundedself-adjointlinearoperator
onH.

(c)   Let T : H i H be a bounded linear operator on a Hilbert space H.

(i)  If T is self-adjoint, then show that  (Tx,x)  is real for all x  e H.

(ii)  If H is complex and  (Tx,x)  is real for ail x  e H, then show that the
operator T is self-adjoint.                                                             (7.5,7.5,7.5)

6.     (a)    Let fbe a bounded linear functional on` a subspace z ofa normed space x.

Then prove that there exists a bounded linear functional  i  on X which is an
extension of f to X and has the same norm,
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where

4

f         ^`            lfilx-i,lfl,z                  '`'

(and ||f||z = 0  in the trivial case Z =  {0}).

(b)   Prove that every Hilbert space is reflexive.

(c)Defineopenmapping.ProvethataboundedlinearoperatorTfromaBanach
spaceXontoaBanachspaceYisanopenmapping.Also,provethatifT
is bijectiv6 then T-I is contihuous.                                                       (7.-5,7.5,7.5)

i,I
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