13447 8

(¢) Let the real-valued function f be continuous on
the closed and bounded interval [a, b]. Prove that
f is bounded and attains its maximum value and

minimum value at points of [a, b]. (7.5)
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1. (a) Define metric on a set. Show that the function d,

defined on R by

x -yl

d(x,y) = 1+|X—y| for each x, y € R, is a metric

on R. (2+5.5)

(b) Prove that in the discrete metric space (X, d)
where d denotes the discrete metric, a sequence
is convergent if, and only if, it is an eventually
constant sequence. Is (X, d) a complete metric

space? Justify your answer. (4+1+2.5)

(c) Prove that every convergent sequence is a Cauchy
sequence but the converse is not true. State one
condition under which a Cauchy sequence is

convergent. (4+2+1.5)
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(¢) (i) Let (X,d) be a disconnected metric space.
Prove that there exist two non-empty disjoint
subsets A and B, both open in X with X =
A U B.

(ii)) Show that in R, the continuous image of an

interval is an interval. (4,3.5)

6. (a) (i) Show that the interval I = (0,1) in the metric
space (R, d) where d denote the usual metric,

is not compact.

(ii)) Give an example of a non-empty set which is
always compact irrespective of the metric

imposed on it. (4,3.5)

(b) Let Y be closed subset of the compact metric
space (X, d). Prove that (Y,d,) is compact.
Further show that condition (X, d) is a compact

metric space is not redundant. (4+3.5)
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(c) Let (X, d,) and (Y, d,) be two metric spaces and

let f: X — Y. Then show that f is continuous on

X if and only if f(A)cf(A) for all subsets A of

X. (7.5)

5. (a) (i) Given an example of a metric space whose
every non-empty non-singleton set is

disconnected.

(il)) Does there exist an onto continuous map

f: R —> R\ {0}? (4,3.5)

(b) Let (X, d) be a metric space. Prove that (X, d) is
connected if, and only if, the only continuous
mappings of (X, d) into (X, d,) are the constant
mappings, where X, = {0,1} and d, denotes the

discrete metric on X, (7.5)
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2. (a) (1) Let X = R, d be the usual metric on R.
Prove that an open ball in (R, d) is a bounded
open interval and conversely that any bounded

open interval on the real line is an open

ball.

(i) Is it possible for a given ball not to have
a unique centre or radius? Justify your

answer. (4,3.5)
(b) Let X = R, d be the usual metric and d, be

the discrete metric on R. Let A = {0} v

11 1
{1,5,5,---,5,--}. Determine whether the set A is

open or closed or none in the metric spaces (X, d)

and (X, d,). (5+2.5)

(c) Let Y be a subspace of a metric space (X, d).

Prove that
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(i) Every subset of Y that is open in Y is also

open in X if, and only if, Y is open in X.

(ii)) Every subset of Y that is closed in Y is also
closed in X if, and only if, Y is closed in X.
(7.5)

3. (a) Prove the following :

(1) A function is continuous at every isolated

point in its domain.

(i1)) A function with discrete metric space as

its domain is continuous.

(iii) The relation of isometric spaces is an

equivalence relation. (2,2,3.5)

(b) Let (X,d,;) and (Y, d,) be metric spaces and
A c X, Then show that f: X — Y is continuous on
X if and only if f! (G) is open in X for all open
subsets G of Y. (7.5)
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(¢) Prove that a uniformly continuous map is a
continuous map but the converse is not true.

(3+4.5)

4. (a) Define a homeomorphism between metric spaces.
Prove that the metric spaces (0, ) and R,
equipped with the usual absolute metric are

homeomorphic. (7.5)

(b) Show that the metric d, and d defined on R"
by

n
di(x,y) = foz -y, x,y€R® and

i=1

doo(x,y) =max{lx; —y;l: 1<i<n}, x,yeR”

are equivalent. (7.5)
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