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Instructions for Candidates

1.     Write your Roll No. on the top immediately on receipt of this question paper.

2.     Attempt all question by selecting.two parts from each question.

3.     Part of the questions to be attempted together.

4.     All questions carry equal marks.

5.     Use ofcalculatoris not allowed.

1..     (a)         (i).Letx=Randforx,y€R,defined(x,y)by

d(x,y)-
(I x -y I.+1,  if exactly one ainong x and y is strictly positive|x-y|,       otherwise

Prove that (X, d) is a metric space. (4)

(ii)  Let' X `denote the set of all Riemann integra.ble functions defined on

[a, b].  For f,  g  €  X,  define  d(f, g)  =  Jab|f (x)-g(x)I dx .  Show that

(X, d)  is  not a' metric  space.                                                       4                (3.5)

'(b)   Let X be the set of all continuous functions defined on [0, 2] equipped with
}

metrics  dco(f, g)  =  Supx€[o,2]if(x)  -g(x)I  anj  d](f, g)  =  to2|f(x)-g(x)I dx ,

f, g e X. Compute the distance d;(f, g) and d](f, g) where

P.T.O.



f(x)=

JT2i2:    4

7t

Pl!.                        ir

sinx'  0<x<=
4  and   g(x)-

i-E<x<2

cosx,  0<X<Z

±,  Zsx=2

(7.5)

(a)        (i)  Define complete metric space. Let x = N the set ofnatural numbers.

Defined(in,n)=|±-±|;in,n€X.Showthat(¥,d)isanincomplete

metric space.                                                                                                     (4)

(ii)Isthemetricspace(X,d)ofthesetkofrationalnumberswithusual
.+

metric d a complete metric space? Just.ify your answer. (3.5)

2.     (a)         (i)  Defineanopensetinam9tric space (X,d).  ShowthatasubsetGin
a metric space (X, d) is open if and only if it is the union of all open
balls contained in G.                                                                                         (5)

(ii)  Let S(x, r) be an open ball in a metric space (X, d). Let A be a subset
of X  such that dia+ineter of A,  d(A) < r and S(x5 r) r` A ± dy.  Show

that A E  S(x, 2r).                                                                                         (2.5)

(b)        (i)  Let  (X,  d)  be  a  metric  space:  Prov.e  that  the  closed  ball  5(x,r),

where x  €  X.and r>  0,  is  a close^d subset ofx.                          (3.5)
1

(ii)  Let X = R with usual metric. L.et F =  { 1,,1/2,1/3„:..} . Find the derived
set  of F.                                                                                                                (4)

(c)    Let (X, d) be a metric  space and A] .and A2 be subsets  of X.  Pro`ve that

(i)  (Ai uA2)  =  Ai  n A2.

(ii)   (Ai nA2)  E  Ai  n A2.

|i
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IS the closure of the uriion 'of an arbitrary 'family of the, rsubsets of X equal
toi the union of the closures  of the memberis  of the family?i Justify your

'

answer.                                                                                                u                     (7.5)

(a)   Let  (X,  +d)  be  a in.etric  spage  and Z' E Y E  X.  If clxz  and cl¥Z  denotes
the closures of Z in the metric spaces X and Y respectively, then show that
clyz =Y ^ clxz.                                                                                                (7.5)

t

qJ)   Let (X, dx) and (Y, d¥) be metric Spaces and let f:+X i Y be a,function.
Prove that the following statements are equivalent :

(i)  f is continuous on X;   ,/

(ii)   f-I(B)  E  f-1(5).   for  au  BEY. (7.5)

a

(c)   Let (X, dx) and (Y, d¥) be metric §p`ace§. When will a function f: X i Y
is said to be uniformly continuous? For anymetric space (X, d) ind A E X,
let g:  X i  R be  defined as  g(x)  = inf{d(x,y) :  y  €  A}.  Prove that g is
uriiformly continuous mapping using €-6 method.  '                                     (7.5)

(a)    Define equivalent metrics. Show that the metrics d], d2, dco defined on Rn by

di(X>y)=£|X]-y]|,     d2(X,y)=(±(xL-y])2)i,
H=l

dco(X, y) -max{ lx;-y;I:  1  < i < n}  are equivalent metrics.                  (7.5)

(b)   Define fixed point of the mapping T. Show that if T: X + X is a mapping
and  Tn has  a. fixed  point xo. e  X,  then  T .also  has  a  fixed  point.  Is  the
converse true? Justify your answer.                                                                  (7.. 5)

(c)   Prove that every isometry between metric spaces (X, dx) and (Y, d¥) is also
a homeomorphism between (X, dx) and (Y, dv). Let X be a metric space
and xo  € X, C(X) denotes the space of all real valued, continuous bounded
functions on X with uniform metric d(f, g) =`sup{|fl(x) -g(x)I: x E X} . Prove
that the mapping fx(y) = d(y, x) - d(y, xo) for x, y e X defines an isometry
ofx into c(X).                                                                                                    (7.5)
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5..,     (a)    Let., (X, dx) be, a 'connected  metric  space  and  f:  (X, dx)  +  .(Y, d¥)  be  a
contintlous mapping. Show that the spa,ce f (X) with the metric inrduced from
Y is connected.                                                                                                           (7.5)

a)   Let (X, dx) be a metric space. If every continuous function f:  (X, qx) +
(R, d) has the iLtermediate value pro'perty, pro-Ve that (X, dx) is a connected
metricspace.                                                                                                      i          (7.5)

(c)   If every two points in¥a metric space X are contained in some connected
subset of x, prov.e that x is connected.                                                       (7.5)

6.     (a)   Let Y be a subset of metric space (X, d). If (X, dy) is compact, prove that
Y is `a closed subset of (X, d).                                                                            (7.5)

(b)   If f is a continuous real-valued function on a compact metric space (X, dx),
show that f is bounded and attains its bounds, i.e., if M = sap I(X), in = inf
f(X),, ther.e. exist. x and y in x such that f,(x) = M a`nd fi(y) = in.          (7.5)

(c)   Let Abe a compact subset of a metric space (X, d) and 8 be a close subset
ofx  such thatA fl  B  = dy.  Show that  d(A,B)  >  0.                                 (7.5)

(4000)


