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A

Instructions for Candidates

1.

2
3
4.
5

Write your Roll No. on the top immediately on receipt of this question paper.

Attempt all question by selecting twe parts from each question.
Part of the questions to be attempted together.
All questions carry equal marks.

Use of Calculator is not allowed.

¥

(a) () Let X = R and for x, y € R, define d(x, y) by

4 ( ) _lx-y [+1, if exactly one among x and y is strictly positive
777 ||x—y|, otherwise

Prove that (X, d) is a metric space. 4)

,(ii) Let X denote the set of all Riemann integrable functions defined on

[a, b]. For f, g € X, define d(f, g) = I:lf(x)—g(x)l dx . Show that

(X, d) is not a metric space. : (3.5)
(b) Let X be the set of all continuous functions defined on [0, 2] equipped with

. ’ ‘ 2
metrics d_(f, g) = sup,__,,If(x) - g(x)| and d,(f, g) = jo |£(x)-g(x)| dx,
f, g € X. Compute the distance d_(f, g) and d,(f, g) where
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sin x, OSX<% COS X, 0Sx<—£
f(x)= and g(x)=

<x<2 L

—E:

<x<2

SN

:

(7.5)
() (i) Define complete metric space. Let X = N the set of natural numbers.

Define d(m,n)= 11

:m, n € X . Show that (X, d) is an incomplete
m n :

metric space. 4)

(ii) Is the metric space (X, d) of the set X of rational numbers with usual
metric d a complete metric space? Justify your answer. (3.5)

-

2. (a) (i) Define an open set in a metric space (X, d). Show that a subset G in
a metric space (X, d) is open if and only if it is the union of all open
balls contained in G. : 5)

(i) Let S(x, r) be an open ball in a metric space (X, d). Let A be a subset
of X such that diameter of A, d(A) <r and S(x; 1) N A # ¢. Show
that A < S(x, 2r). (2.5)

() (@) Let (X, d) be a metric space: Prove that the closed ball S(x,r),

- where x € X and r > 0, is a closed subset of X. (3.5)

(i) Let X =R with usual metric. Let F = {1, 1/2,1/3,...}. Find the derived
set of F. 4

(¢) Let (X, d) be a metric space and A, -and A, be subsets df X. Prove that

@ (A, UA,) = A NA,.
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(@)

(b)

(©)

(2)

(b)

3

Is the closure of the union of an arbitrary family of the subsets of X equal
to the union of the closures of the members of the family? Justify your

answer. ; “ (7.5)

Let (X, 21) be a metric space and A cY c X. If cl,Z and cl,Z denotes
the closures of Z in the metric spaces X and Y respectively, then show that
cl,Z=Y ncl,Z. . . (7.5)

®

Let (X, d,) and (Y, d,) be metric spaces and let : X =Y be a.function.
Prove that the following statements are equivalent :

@) fis continuous on X;

G) £*(B) c £7(B) for all BCY. (7.5)

i
Let (X, d,) and (Y, d,) be metric spaces. When will a functionf: X - Y
is said to be uniformly continuous? For any metric space (X, d) and A c X,

let g: X — R be defined as g(x) = inf{d(x,y) : y € A}. Prove that g is
uniformly continuous mapping using &-6 method. 5 (7.5)

Define equivalent metrics. Show that the metrics d,, d,, d_ defined on Re by

J=Y-vih ()= (i(xi—yi)zf,

i=1 i=1

d_(x, y) — max{ lxi —y: 1 i< n} are equivalent metrics. (7.5)

Define fixed point of the mapping T. Show that if T: X — X is a mapping
and T* has a fixed point x, € X, then T also has a fixed point. Is the
converse true? Justify your answer. (7.5)

Prove that every isometry between metric spaces (X, d,) and (Y, d) is also
a homeomorphism between (X, d,) and (Y, d,). Let X be a metric space
and x, € X, C(X) denotes the space of all real valued, continuous bounded
functions on X with uniform metric d(f, g) = sup{lf(x) g(x)|: x € X}. Prove
that the mapping £ (y) = d(y, x) — d(y, x,) forx, y € X defines an isometry
of X into C(X). (7.5)
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5. (a)

(b)

(©

6. (a)

(b)

4

v

Let (X, dy). be a connected metric space and f: (X,d,) - (Y,d,) be a
continuous mapping. Show that the space f (X) with the metric induced from
Y is connected. (7.5)

Let (X, dx) be a metric space. If every continuous function f: (X, d,) —
(R, d) has the intermediate value property, prove that (X, d,) is a connected
metric space. t (7.5)

If every two points in a metric space X are contained in some connected
subset of X, prove that X is connected. ’ (7.5)

L

Let Y be a subset of metric space (X, d). If (X, d,) is compact, prove that
Y is a closed subset of (X, d). (7.5)

If fis a continuous real-valued function on a compact metric space (X, d,),
show that f is bounded and attains its bounds, i.e., if M = sup f(X), m = inf
f(X), therg exist x and y in X such that f(x) = M and f(y) = m. (7.5)

Let A be a compact subset of a metric space (X, d) and B be a close subset

of X such that A n B = ¢. Show that d(A, B) > 0. (7.5)

(4000)
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