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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt of this question paper.

2. All questions are compulsory. Attempt any two parts from each question. All
questions carry equal marks. The use of the calculator is not allowed.

1. @  Use the sequential criterion to prove that ’}m} f(x) does not exist for the given
—Xg

function
_ (1, if xisrational
e = {0, if x is irrational

. x, if xisrational
But the function f(x) = {—x, if x is irrational

xo = 0. (4,3.5)

}, xgER.

}has a limit at x, if and only if

(b)  Using the definition of limit, prove that the following limit statements are true.
o 1s —E) = Y T2 =
') chl_rg(tlx 5 =3 (i) }}E}x 4. (3.5,4)

()  Write the staiement of the sequential criterion of continuity of a function f at xy and
using the sequential criterion for the discontinuity of a function f at xg, show that the

signum function,
1] .
sgn(x) = {x » Hx# 0} is discontirious at x = 0. (3,4.5)
0, ifx=0

2. (@  Use Intermediate value theorem to find a root of the equation
xt—x3-10=0. (7.5),

(b) Prove that the function f(x) =;1c- is continuous on (0,1), but not uniformly
continuous on (0,1). - 4,3.5)

(©@  Define a uniformly continuous function on 2 set 4 and using the definition, show
that the function f(x) =x3 is uniformly continuous on [0,3]. (2.5,5)
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Show that the function f(x) = x3 is integrable on the closed interval [0,1] and
find j: Fo)dx. (6,1.5)

If f is monotone on-[a, b], then prove that f is integrable on [a, b]. Is the

converse true? Justify your answer. (5,2.5)

If f is any function defined and bounded on [a, b], then both f; f(x)dx and
f: f(x)dx exist and f; fEdx< [ : fX)dx. (7.5)

If f is integrable on [a, b]. Then, prove that f2 is also integrable on [a,b].  (7.5)
If f is integrable on [a, b] and m < f(x) < M for all x € [a, b], then show that

m(b—a) < [0 fFO)dx < M~ a). (75)
State the Fundamental Theorem of Calculus (First Form). Use it to calculate

S vz, @55)

o Sin(x+nx?) .

Show that the series Y- eyl

s uniformly convergent on R. (7.5)

Find the radius of convergence of the power series Yo i—:-z" . (75

Establish the uniform convergence of the series Z;'{;l-(-'-%): [x[*in-1<x<1by

Abel’s Test. (7.5)

Define the radius of convergence of a power series, and hence find the radius of
convergence of the series Yo 1" 2. (7.5)

Prove that the series ), f,(x), where f,(x) = ;—:;2- , X being real, converges
uniformly on any closed interval I using Weirstrass’s M-test. (7.5)

Show that every uniformly convergent series is pointwise convergent, but not
conversely. Give an example. (5.,2.5)
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