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1.     Write your Roll No. on the top immediately on receipt of this question paper.

2.     Each question contains three parts. Attempt all questions by selecting two parts
from each question.

3.     Parts of questions to be attempted together.

4.     All questions carry equal mads.

5.     Use ofnon-programmable scientific calculators is allowed.

1. (a)   Define Maflemalcal Modeling. EplainthemodefiBg Cycle process. A bat andbattogrfuer
cost $1.10. T]ie bat.costs $1.00 more than the ball. Modal this plob]em ty using mathematical
synfodsandde{eminehowmchdoestheballcost.

Q})   `What are the pkysical and maflrmzifical eq]afrous? Find fie dinensias of the parameters
in,ff,jri,Aandcorverifollowhgdfferenfialequationinfoadineusionlessequafion,

m#+ff#+KL#3=0.nitialcondifrous.ae%(0)=4,:g=0.

(c)    Consider the fouchg suscapfrole-infected-recovered (SB:) model:
dESE-__GEE,diE±-_PRE-ulf,dERE-_ri,

where ¢ and y ae co][Lsfaut parmeters and ritial sabpapulatious ae given as S(0) = So >
0,I(0)=Jo>O,ZZ(0)=0.BytalfrgthefirsttwoeqBation§Ofthemodelforanalysisprxpses,
andassuBingthetmsformafronz£=`¢,t7=JF,chgivthat

P.T.O.
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P(£).=[(JE-ue32+Jof.sin(£t+¢i),whae¢£=tan-1(#}ands-=(£)2.

2. (a)       h a particular epidemic model, where the infected individuals eventtlally lecover, the
populationdjmaniesaregovemedby-thefollowhgsysfenofdifferendalequatious:

dES=-#.d]E±--P#-vl.

Giventheparanetervalues8=2andy=0.4andassirmingthatthefotalpopu]ai-onWis1000,
in which initially there is only one infected individual btit there are 999 suscapfible indivichlals
withinthepaptllation,ansverthefollowhg:

®        Usingthe givenparameters, calculateflebasicreprodrctio]inumberro.
ru)      "thatis thepeaknunber of infected individuals atanytine dndng the epidemic?

a)      Consider the siiscaptibleinfeofed-recovered (SH} model defined as:
dEs=_PRE.d=I=±=GRE_i+i,d#=ri.

"herepandyarecoustantparameters,withinitialsnbpopulations:

(a)

S€OD=So>0,I¢®=Io>o,R€®--Ro>_O.

(I)        Find the condition for gidemic occullence by finding the basic Ixprodrction Imm,ben
(ro).

CnJ      Ifthefiistinfegral apressioninthe (S,J) planets givenass(£) + J(£) -2TF55 =
Jo+So-2`jE,whores.=(E)2,thenfindfleexpressiousforthemaxin[iBi
infeetives nnmber (Z7za*), the final stlsceptible population number (Sp), and fie total
countoftheinfectivespopulafron(Jto&zzz).

CinustmctaSuscapfrole-Exposed-hifeetious-Recovered(SEE)modelusingasystemoffirst
orderdiffg:entialeq|Iationsfodescrfeeflespreadofdisease.I)ividethetotalpoprla±ionjv(±)and
any dr?  € info stftyapulatious  according  fo  disease rfuls.  Assnming a constant inflt]x of
individralsintoflesusceptiblepopulafionsandanatrraldeathraleaffeefugcachstri>poprlation,
aswellastheexposurerafeofsuscaptib]eindividralsandlecoveqrrateofinfan-ouspeqple,obtin
the exact solution for the total papulafion jv{€), and provide the discrefized fom Of the model
eq|IafionsllsingtheNoustandardFhifeDifference(USFD)Scheme.

3,  (a)       Find the nafule and stabfty of the critical porn (#-,37*) forthe system ofdifferm{ial
equations

®     g-=-2y+3,%=x-y+2
cu)    =-1-y2,¥-J'+2y

a)      Cousidef an undanged noalinear spring-mass system. Let 77z denotes the mass of an object
atfached{oaspingandlet#(£)denofeflediEplaeementofmassatline€fromitsequilibin
positinlietthefaceexertedbytheapringonthemassisgirenbyF(#)=-ha+¢rf,where
ft > 0.

(I)Findtheexpressionforfletotalenergyinflemass-spdrg.rystem

(fi)I)iscussthestal]ilftyofthesystemforbothhadandsoftxpringcasessapalately.
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(c)    Find the critical point (%.,y.) for the eystem ofdiffelential equations
d*
dc % - 5y - 5

g=r-y-3
Usingamropriatetransfomation]rewifetheaystemtothefollowhgfom

dz£

=--On+be
dr,
E--ca+de

Analpeethenattlreandstalffityofcdicalpointsoftheoriginalaystenandthetransfomed
system

4.  (a)      Lct%(€) andy(£) bethepoprlationofcrmpefugapeciesat fueL Considerflefollowhg
system:

dr3
a-5#-=2-:ay
g-2y-yz-:ry

Ci)        Ththatis themtue ofinteracfionbetween the two popnhfl-ons?
(ii}       Find and characterizethe aystem's cdicalpchls.

a)    CoBsiderasecond orderdifferendal eqiratiom:" + 4al -3(x')2 + 4%Z -1 = O.Findthe
planeautoncrmousaysfemfirmthegiveneqtlafion.Findandcharacterizethebehaviorofallcritical
pointsofthesystem.

{c)   Deferie the txpe and stabHfty ofthe critical point (a,3) offle alrmst linear system

dr
I;=33-1tr-3y+#

g=-18+dr+2y-ay.

5. {a)    Using Monfe callo sinulafion, wife an algorith to calcthate the area trapped between
thecuresy=#2andy=#.

Q})    Exp(ain the Linear congrzlence Method ofgenerafrg landom nurfeers. Gig.e dra:wbacks of
thismethod.Find12Iandommm.berstlsinga=l,b±7,c=10and7asthe§eednrmberlWis
thereqycling?If so,ichendiditoccur.

(c)UsingMorfeCarloSinulatioqrdeanalgchthmto.calcrfufethatpatpftheyolxpeofthe
aphenea?+y2+z2=1flatHesinfirstoctatryx>O,y>0,z>0.

P.T.O.
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6. (a)  Use simpler method to solve the followhg problem

afar. Z = 3# + 2y

s.to.    2%+ys40,

# + 3, = 24,
2r + 3y S 60,

%,y = 0.

Q]}   Cons:den fie fouowing Linear programing Hpblem:

J4ae.Z - 3# + I,

a;fo.  2r+ys6,

= + 3J = 9,
='y a 0.

Usingalgebraicmethodsfudthepossiblemmberofpointsof.froerseedquinny-plane.Areallthe
pointsfeasible?ffnof,thenhowman:yarefeasibleandhowmanyareinfeasible.Ifstthefeasible
ext-epoinisalongwiththevahieoftheobjectivefilnction.

{c)  Solve the followhg Iinear progranming problem graphically.

urar.Z=5#+3]r

s.to.   3#+5gr±15,

fr + ZJ' i 10,
#'y 2 0.

PerfemsensifivityanalysisfofudflerangeofvaluesforthecoefficienfofrintheoEecfive
fimchonforwhichthecnneriextrenepointremainsoptimal.


