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Attempt any €zuo  parts from each question.

AZZ  questions  are  compulsory.

1.      (cb)    Define the limit of ua function in terms of € .-8. Use  € -8 definition, to

show that  1.i.T(4# + 1) = 5.                                                                                  71A

(a)   Let f : A i R where A E R and let #o be a cluster pbi,nt of A. Then,

prove that  !E;E  ##)  = L if and only if for each sequence <ac„> in A\{xo}

that  converges  to #o,  the  s.equence  <fl#„)  >  converges  to  L.                7.I/2

(a)    Give an example of a function f : R.i R vyhich.is not continu6us at every

point of R, but  |f|-  is conti.IIuous everywhere on R. Explain your answer

•with proper justification.                         `                                                          71/2
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2.      (c£)    Define  the  continu.ity  of a  function  at  a  poi.nt  in  terms  of  E  -  6.  Use

e  - 6  definition,  to prove that the  function ##)  = #2  - 4 is  continuoLs

at#o  =  2.                                                                                                                    7%

(a)    Suppose cE < a, and f :  [cE, b]  i  [ci, b] is continuous. Then, show that there

exists  c  e  ha,  b]  such  that flc)  =  a.                                                             .    71/2.

(c)    `Define uniform conLtinuity of a function f on interval  I.  Use it to  prove

that  the  functiol} ##)  =  2#2  -  5#  +  2  is  uniformly  continuous  on  the

interval  L3,1].                                                                                                        71/2

3.      (cz)    Consider the  function fl#)  = #2  on  [-1,  1]  and the  partition  P  =  {-1,  0,

1/2,1}.  Find a(f, P)  and  §ff, P).  Also, verify that a(f,  P) s  §(f, P). 71/2

(I))    If Q is  a  refinement  of a partition P,  then prove  that  :                       7%

¢)    S_(i, CI) >_ S_I f , P)

(Z£)   .§ff,  Q)  s  §ff,  P).

(c)    State .Rie.mann's Criterion for integrability and sh.ow that ##) = 2ac defined

on  [0,  b]  is  RI:mann  integrable.                                                                     71/2

4.     a   Prove that the Dirichlet function f :  R i R given by :

rl,  if # is -rational

if # is irrational

is  not  integrable  on  any  closed interval  [a,  b]  where  a  <  a.               71/2

(Z7)    Use  ;equential  criterion for integrability to  show  that ##)  = #2 - 2ac  is

integrable  on  [0,  1],  Also,  find  i f.
0-

71/2
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•(a)     Prove  that  :

G)     If f is  integrable  on   [cI,  b]   and  i(#)  2  0,  V  #   E   [cb,  b],  then

(ZZ)    If.f and g are integrable on  [c[, Z}]  and ft#) i g(#),  V #  €  ha,  b], then

i f=ig.                                                                                                 7%
a'®'

I

5.      (cE)    Define pointwise.convergence and find the pondtwise limit of the following

sequence  of functions  :

¢i)     <fm> where fncx)  =

_1  if _1 < # < _i
I,

o  if-|=-i    on[-1,1]'
nib

1   if l<#<1
72,

;\,„
(ZZ)    <g„>  where  g7,(#)  =  [iF==   On  [Oj  2]. 7%

\

(a)    Let f7z(#)  =  i  on  R.  Then  show  that  the  sequence  <f„.>  is  uniforrily
72,

convergent  on `[0,1]  but  is  not uniformly  convergent  on. R.                7%

(c)     Show  that  <e-7ac2>  is  uniformly  convergent  oh  [1,  4]  and hence  show

Ti=ie--2-o.
1

71/2
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6.     (c!)    State Weierstrass M-Test to test the ..uniform convergence of a series of

functionsi.  Hence  check the  following  series. for uniform  convergence  :

(i)     i:
co      ,Sln7®#
rd  7a.(7i +1.)

(ii)     Z=n---o 1 +  J?4#2

onR

on  [1,  2]. 7%

(Z})    Find  the  Radius  of convergence  and  I.nterval  of convergence  for  the

follQwin.g power series  :

(„     I:-o#(# -5,ri

(„   z=o##"
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(c)    Write. Power Series expansion of tan-1 # and using Abel's theorem, .show<

that  :                                                                                                                          71/2.

£ -1 -i + |'-i + .......
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