
SL No of QP :
Unique Paper Code

Name of the Paper

Name of the Course

Semester

Duration

Maximum Marks

5534
: 2352012401

: Sequences and Series of Functions

: B.Sc. (H) Mathematics

:IV

: 3 hours

:90

Instructions for Candidates

1.   Write your Roll No. on the top immediately on the receipt of this question paper.
2.   All questions carry equal marks.
3.   Attempt any two parts from each question.

1.   (a) Define uniform convergence for sequence of functions G7,) defined on R. Show that a sequence

0:7,) of bounded functions on A E. R converges uniformly on A to f if and only if I |f„ -f| |A i 0.
nx

(b) Show that the sequence f7,(#) = ==:;:;;g converges uniformly in the interval [a, co) where a > 0
but it does not converge uniformly on the interval [0, co).

(c) Let tr7[), (g72) be sequences of bounded functions on A that converge uniformly on A to f,g,
respectively. Show that trng7t) converges uniformly on A to fg.

2.   (a) Let f72(X): [0,1] + R be defined for 712 2 by

nzx              f or o<TX<_i
71

fn(x)..- -tt2(x-:)  for 12-<#S-
7L7t

2
0               f or. ~n<_X<-1

Evaluate ,pointwise limit f of f7t and show that 07|,). does not converge uniformly to f .on the interval

[0,1].

a) Let 0:7,) be a sequence of integrable functions on [CL, Z7] and suppose that Cf72) converges
uniformly to f on [ci, b] . Show that f is integrable on [a, b] and

/ab/=*lLmco/ab/n.

(c)  Show that the sequence /7t(#) = 712.#2e~"#  converges quiformly on  [cz,co)  where  ci >       0  but
does not converge uniformly on the interval [0, co).



3.   (a) State and prove Weierstrass M-test for uniform convergence of series of functions.

Hence,checkforuniformconvergenceofseriesz::=i±,#€R.

a)Discussthepointwiseconvergenceoftheseriesz#=£#,#20.Also,show
that the given series is not unifomly convergent on [0,I) but is uniformly
convergenton[0,:),

(c) Prove that if I: fn converges uniformly to f  on a domain D £ R and each /„ is
continuous on D E R to R  then / is continuous on D.

4.   (a) Let f„ be a real valued function on [cz, b] that has derivative # on [cz, b] for each
7} E N. Suppose that the series Z f7, converges for at least one point of [cl, b] and
the series of derivatives I f„' converges uniformly on [ci, b]. Show that there exists
a real valued function f on [cl, b] such that Z f7, converges uniformly to / on
[a, b] . Also, that f has a derivative on [a, b] and f ' =  I f7,'`.

a) State and prove the Cauchy criterion for the unifom convergence of series of

functiouszf„.Useittoprovethenonuniformconvergenceofz%=[±for|#|<1.

(c)Provethattheseriesz%=i±isconvergentforx>1anddivergentfor
`0 S x S 1. Also, show that the series converges, uniformly on [a, co), a > 1.

371
5.   (a) (i) Find the exact interval of convergence for the power series Z:=i an #" where cz„ = ;I; .

(ii) Let f(#) = |x| for # €  R. Isr there a power series Zg=o a„#tt such that f (x) =
Z#=o a7,#" for all # ? Justify.

(b) Let Zg=o an#" be a power series with radius of convergence Z} > 0. If 0 < R£ < A, then show
that the power series converges uniformly on [-Ri, Ri] to a continuous function.

(c)Showthatarctan#=Z%=o{==::#2n+£for|#|<1.ApplyAbel'stheoremtoshowthat:=1-,

:+ :-:+-. .
6.  (a) Define logarithm function i on (0, co). Show that the function I satisfies the following:

(i, I,(x, = : for % = 0.

(ii)I(dy) = i(#) + L07) forx > 0,y > o.                                                             ,

(b)Showthatzg=itt%n=E=for|X|<1.Evaluntezg=i#.

(c) Show that there does not exist a sequence of polynomials converging uniformly on  R to  /(#) =
€#.


