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(ii)  Let   T   be   a   linear   .operator   on   a   finite

dimensional icomplex inner product space V.

Show  that  T  is  unitary  if  and  only  if T  is.

normal and |^| =  1  for every eigen value A of

T. (2+5.5)

(3000)
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1.      (a)  Let  T  be  a  li_near  b|)erator  on  R2  defined  as

T(:)=(:a-+3:).

For    the    ordered    basis

p,-((:),(;))

p=((:),(:))    and

of   R2,    find    th.e    change   .of

coordinate  matrix  Q  that  changes  P'-coordinates

into  P-coordinates.. Also,  verify that
4`

`,     .[T]p, =Q-,[T]p'Q.
(2.`5+5)

I

(b) Let  V  = P,(R)  and  for  p(x)  €  V,  let  fi,  f2  €  V+

be  defined  as

fl(p(x,,=Jolp(t,dt

(c) Find  the,  best  fit  linear  function  for  the  data

{(-3,.9), (-2,6), (0,2),  (1,1)} using the least squares

approximation.  Also,  compute `the  error  E.

(5+2.5)

6.      (.a) Let  T  be  a  normal  operator  defined  on  a  finite

dim6nsional  real  inner  product  space  V  whose

characteristic  polynomial   splits:   Prove  that  V

has   an  orthonormal  basis   of  eigen  vectors   of

T.  Hence  prove' that  T. is  self-adjoint.

(5+2.5)

(b) For  the  following  matrix  A,  find  an  orthogonal

matrix  P   and  a  diagonal  matrix  D   such  t.hat

I.  PtAP   -  D.

A=(;`:).

(c)     (i)  State  the  Spectral  theorem.

(7.5)

P.T.O.
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(c)  Let   W   =   span   ({(i,  0,1)})   in   C3.   Find   tlie

orthonormal  bases  for  w  and  wJ-i                   (7.5)

5.      (a) Let  V  =  P(R)  with  the  inner.product  defined  as
\

(f(x),g(x))=|;f(t)g(t)dt,Vf(x),g(x)€V.

Find   the   orthogonal  projection   of  the.  vector,

h(x)  = 4 +  3x -2x2  on  the  subspace  W = P,(R).
-(7.5)

(b)     (i)  Let V be  a  finite  dimensional  inner product

space  and  f}  be  an  orthonormal  basis  for  V.

If T  is  a  linear  operator  on,V,  show  that

[T*]p  -  ([T]p,*.

(ii)  For the inner product space V = C2 and linear

operator

.  T(Z,, Z2)  =  (2Z,  +  iz2,  (1 -i)Z,),

evaluate  T'  at  z  =  (3-i,1+2i).       (4.5+3)

and..      f2(p(x))=to2p(t)dt.

Prove  that   {f], f2}   is  a  basis  for  V'  and  find  a

basis  of V  for which  it  is  the  dual  basis.

(3+4.5)
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•(c)  Let V  be \finite  dimensional vector space.  Define

the  annihilator  S°  of a  subset  S  of V  and  prove

that  S°  is  a  subspace  of  V*.  If .W]  and  W2  ale

subspace's  of V,  prove  that

'z                      (Wi +W2)0  =   W]°nw2°.               (3.5+4)

2.      (a)Let   A= EM2x2(C).   Determine   all   gig.en

values- of A and for each eigen value, A of A, find

the  set of eigeil vectors corresponding to A. Also,

find  a. basis  for  C2  consisting  of eigenvectors  of

A. (2.5+5)
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(b)  Let  T `be  a  linea.r\  operator  on  P2(R)  de`fined. as

T(f(x))  =  f(0)  +  f(1)(x+x2).

5554

Test, the linear operator T for diagonalizability. If

T is diagonal izable, then find a basis a  for V such

that  [T]p  i§.a  diagonal  matrix.                         (2.5+5)

(c)  Le,t  T  be  a  diagonalizabl.e  linear  operator  on  a

finite diinensional vector Space V and ^[, ^2 ,...... fu

be  the  distinct   eigen  values   of  T.   Prove  that

V=E^[  © E^2  ....... © E^k ,  where  E^£  is  the  eigen

space  of ^j,  for  all  i.                                                 (7.5)

3.      .(.a)  Let  T  be  a  linear  operator  o,n  the  Vector  space'

V  =  R4  defined  as

T(a, b, c, d)`  =  (a + b,  b -c,   a +.c,   a + d)

Find an ordered ba-sis of the T-cyclic .subspace W

of  V   generated   by   z   =   e].   Also,   find   the

characteristic  polynomial  of Tw.                    (.3+4:5)

I|(, rl  +I

j    `  ,t`

(b)  Let  `T  be  a  linear  operator  defihed  on  a  finite

dimensi,onal   vector   stpace   V.   Prove   that   the

charaoteristic   polynomial   and   the   minimal

.    polynomial  ofT  have  the  same  zeros.            (7.5)

-   (c)  Let T be a linear operator on V = Mnxn(R) defined

;s T(A)  = At.  Find the minimal polynomial of T.

Hence  show  that  T  is  diagopalizab|e.              (7.5)

I

4.      (a) Let  V  be  an  inner produ.ct  space,  prove  that  the

`  follo.wing inequality holds

I(x,y)I S ||x|| ||y||,   for  all  x, y   e   V.

Also, verify that the inequality holds for x = (1, 2i,

1   +  i),  y  =.(5  +  i.,1,2)  in  c3`.                            (.5+2'.5)

(b) Let V be  an  inner product  space  and  let  S  be  an

orthogonal  subset  of  V  consisting  of  nonzero

vectors.  Prove  that  S  is  linearly  independent.

(7.5)
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