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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

'

2. All questions are compulsory.

3. Attempt any TWO pérts from each Question.
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1. (a)Let T be a linear operator on R? defined as

-

a) (2a+b
T I=
o))
) 1 0.
For the ordered basis B={(0],(J} and
, (1) (1 _
B={(J’(2J}’ of R?, find the change of

coordinate matrix Q that changes P’-coordinates

into B-coordinates.. Also, verify that

[Ty =Q7'[T}, @ - (2.5+5)

(b) Let V = P,(R) and for p(x) € V, let fj, f, € V*

be defined as

f(p(x))=[ p()dt

7

(c) Find the best fit linear function for the data

{(-3,9), (-2,6), (0,2), (1,1)} using the least squares

approximation. Also, compute the error E.

(5+2.5)

(a) Let T be a normal operator defined on a finite

dimensional real inner product space V whose

characteristic polynomial splits, Prove that V

“has an orthonormal basis of eigen vectors of

T. Hence prove that T is self-adjoint.
(5+2.5)

(b) For the following matrix A, find an orthogonal
matrix P and a diagonal matrix D such that

. P'AP = D.

A(1 2 '
=\, 1] (7.5)

(c¢) (i) State the Spectral theorem.

P.T.O.
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5.

(c) Let W = span ({(i, 0, 1)}) in C3. Find the
orthonormal bases for W and W+, (7.5)

ta) Let V = P(R) with the inner product defined as

AY

1
(£(x), 8(x)) = [, £(1) s(t)dt, Y £(x), g(x) e V.
Find the orthogonal projection oi‘ the' vector
h(x) = 4 + 3x — 2x? on the subspace W = P,(R).
"(7.5)

(b) (i) Let V be a finite dimensional inner product
space and $ bé an orthonormal basis for V.

If T is a linear operator on V, show that

[T}, = ((T1p"-

(i) For the inner product space V = C? and linear

ope¢rator
. T(zy, 2) = (22, + iz,, (1 -i)z)),

evaluate T at z = (3 -1, 1 +21i). (4.5+3)
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and £, (p(x))= Iozp(t)dt :

~Prove that {f},f,} is a basis for V” and find a
basis of V for which it is the dual basis.
- (3+4.5)

‘(c) Let V be finite dimensional vector space. Define
the annihilator S° of a subset S of V and prove
that S° is a subspace of V*. If W, and W, are
subspac':e's of V, prove that '

L2 I,/)s'
" lr& ” (W, + W) = wlnwy. (3.5+4)

i 1
2. (a) Let A=(2 _JEMM(C). Determine all eigen

values of A and for each eigen value A of A, find
the set of eigen vectors corresponding to A. Also,
find a basis for C? consisting of eigenvectors of

A. (2.5+5)

P.T.O.
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(b) Let T be a linear operator on P,(R) defined as
, T(f(x)) = £(0) + f(1)(x +x?).

Test the linear operator T for diagonalizability. If
T is diagonalizable, then find a basis  for V such
that [T], is a diagonal matrix. (2.5+5)
(c) Let T be a diagonalizable linear operator on a

finite dimensional vector space V and A, A,,... ... A

be the distinct eigen values of T. Prove that

V=E, ®E, .....®E, , where E, is the eigen
space of A, for all i. (7.5)

~

3. (a) Let T be a linear operator on the vector space

V = R* defined as
T(a,b,c,d).= (a+b, b—c, a+c, a+d)

Find an ordered basis of the T-cyclic subspace W
Also, find the
(3+4.5)

of V generatéd by z = e,.

characteristic polynomial of Ty,.
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| (b) Let T be a linear operator defined on a finite
dimensional vector space V. Prove that the

characteristic polynomial and the minimal

polynomial of T have the same Zzeros. (7.5)

- (c) Let T be a linear operator on V = M__ (R) defined

;IS T(A) = A'. Find the minimal polynomial of T.

nxn

Hence show that T is diagonalizable. (7.5)

4, (a) Let V be an inner product space, prove that the
| * following inequality holds

l(x,y)lsllx" "y", for all x,y € V.

Also, verify that the inequality holds for x = (1, 2i,
1 +1i),y=.(5+11,2) in C3 (5+2:5)
. (b) Let V be an inner product space and let S be an -
l orthogonal subset of V consisting of noﬂzero
vectors. Prove that S is linearly independent.

(7.5)

P.T.O.




