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Semester : IV
Duration : 3 ]élours . . Max1mum Marks : 90

(Write your Roll No. on the top in}mediately on receipt of this questi(;n .paper.)
Attempt all questions by selecting any two parts from each. question.
Each part carries 7.5 marks.

Use of calculator is not allowed.

1. (@) Let a and n be positive integers and let d = ged(a, n). Prove that the

equation ax mod n = 1 has a solution if and only if d = 1.

(b) Define Group. Show that the general linear group of 2 x 2 matrices over

R is a group.

(¢) Prove that a group G of order 3 must be cyclic.
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(@) Define Abehan group. Show that a group G is Abelian if and only if
. ab)l = g tBm I for all a, b 1n G.
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(b) Define order of an element in a group. Find the érder of ‘each element

of U(15). LRI S e TR

(c) State and prove one-step subgroup test: Use it to prove that if G .is

an abelian group with 1dent1ty e, then H = {x € G|x2 = e} is a subgroup
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of G.
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(@) Find O(af)
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“(7) Find O(Bw)
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") "Find oL
() Find all the right coséts' of {1, 15} in"U (32).

(¢) Show-that the factor group Z/5Z is & cyéli¢ group of order 5.

(@ Define nornial subgroup. Prove that SL(2; R), the-group of 2 x 2 matrices

with déterminant 1 is normal subgroup of GL(2;R);- the group of 2 x 2

matrices with non-zero degerminant.ﬂ .
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(b) Show that ¢ : Z;9 — Z¢, given by ¢(x) = 4x is a group hemomniorphism.

(¢) Show that the kernel of homomorphism ¢ :, R* —, R* given by,e(i)(x) |x]

is a cyclic group.

e

AnEna Y S ent® o




{
i 5. (a)
{ ®)
(e
. 6. (a)
®)
ﬁ
4 o)
7439

( 3) 7439

Prove that Z, is a ring and find its set of units.

Let x, y and z belong to a ring R. Then show that :

@ (=x)~y) = =xy

(if) x(y —2)=2xy — x2.
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State ideal test and prove that 2Z = {2n|n € Z} is an ideal of Z.

Define zero-divisors and integral domain. Give an examplé of a

commutative ring without zero-divisors that is not an integral domain.

Let a, b and c belong to an integral domain. If ¢ # 0 and ab = ac, then

N

show that b = c. .

Let f be a ring homomorphism from a ring R to a ring S and let A be
a subring of R. Then -prove that flA) = {fla)|a € A} is a subring of S.




