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1.      (a})    Let 'a  and  %  be .positive  integers  and  let d  = gccz(a,  7}).  Prove  that  the

equation ,arc  mod  71  =  1  has  ,a  solution  if and  only  if d  =  1.\

(a)    Define Grotip. Show that the general linear group of 2 x 2 matrices over

R is  a group.

(c)    Prove  that  a  group  G of order  3  must be  cyclic.
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2.     (a)    Define  Abelian  group.  Show  that  a  group  G is  Abelian  if and  only  if

+    `,(ab.)TL  =  arlb-1 for  a|r cb,  bFiirTG.

(a)    Define  order  of an  element  in  a  grou;.  FirridFthe d6rd:I Lof`]eabh  eiefa:ht

of u(15).                                                                        LC i ul(  fr,,i.g                    #ut-..r,  a   rn'          ,

(a)     State  and  prove`  one-step [§u\bgrqup  `t?.st:  Use  it  to P,rpfuve  <that,  if LG Sis

aTrtab:LE±.::4grr3TPLW±th±q:=3:±t`¥:t>the¥2.¥[\={¥rieGI#:i"e}3±:?4\STb¥°uP

ofG.
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3.     (a,`IfG-(:     :
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(i)     Fina  o(cip)

I (I.z)`     Firid  O{Bci)

J-(£j£)`  ;Fin'd-  crfi. I

345

462 )andp=(:?I(

123456
in

463512)
.,,then:-.:''
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(Z))     Find  all  the  right  cos8.ts: of {1,  15}  inLU  (.32):I

(c)     Show`that.the  factor  groul'b Z/--5Z  is'  a .cytli6v  g+oup  of order  5.

4.      (cb)    Defihe n6rllfalj subgroup:-Pgive that sL(2; R), the.ighorip of '2  x  2 matrices.

with `d6,terminant.1 is normal subgroiip  of GL(2.,~.`=R):;.the/ ,group  of 2  x 2

_,       matriceswitpnon-zerodet*erminant.1     [2fp.I           ,        ,     pi      \n

(a)    Show  that a  :  Zi2 i  Zi2 given by a(#)  =. 4ac is  a .grQHp, bop|o.moxphism.

(a)     Show that the kem619jf h,omon}o.xphism a  :} R¥, i,R* !Lgiven by,40¢) ,=y  1# I

•1'.i?        i

is  a  cyclic  group.
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5.   .  (cE)    Prove  that  Z4  is  a  ring  and  find  its  se.t  of units.
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(a)    Let #,, y  and z  belong  to  a  ring R.  Then  show  that  :

(j)     (-#)(-y)  = ey

(ii;)    xky  - z)  =  xy  -  xz.`

'

(a)     State  ideal  test  and  prove  that  2Z  =  {27?|7z  E  Z}  is  an  ideal  of Z..

6.      (a).   Defipe  zero-div.isors  and  integral  domain.   Give  an  example  of  a

commutative  ring without. zero-divisors  that is  not .an integral  domain.

(a)    Let cb,  a  and c be.long to  an  integral domain.  If c£  I 0  and czb  = cEc,.  then
\

show  that  b  =  c.  :

•  (a)    Let f be  a ring homomoaphism from a ring R to  a  ring S  and let` A be

a  subring  of R.  Then. .prove  that .#A)  =  VIc!) |cB  e  A}  is  a  subring  of 'S.
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