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1. (a) Define inverse of an element in a group G with identity e. In each of the

following case, find the inverse of element under the given operation :
@) 13 in UT(15)

(@ii) 3 — 2i in C*, where C* is a group of non-zero complex numbers

under multiplication.
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State and prove Finite Subgroup Test.
State cyclic group. Prove or disprove U(20) is cyclic.
Define order of an element in a group. Find order of each element in Zy,.

Define subgroup of a group. Let H and K be subgroups of an Abelian

group G. Prove that HK = {#k|h € H and % € K} is a subgroup of G.
Show that in any group, an element and its inverse have the same order.
Ifa=(1245)(36)and B=(124) (15 3), then :

(Z) Show that o and B are even permutations

(i) Find B!

@ii) Find O(of).

Show that the factor group Z/4Z has an element of order 4.

Construct a complete Cayley table for Dy, the group of symmetries of a

square. Is D, Abelian ? Justify.
Show that ¢ : Zgg — Zgg given by ¢(x) = 4x is a group homomorphism.
Prove that the factor group Z,,/(3) has no element of order 4.

Show that {I, (23)} is not a normal subgroup of Sj, the group of

permutation of degree 3.
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Prove that Z; is a ring and find its set of units.

Let R be a ring and let S = {x € R|ax = xa for all a in R}. Prove that

the set S is a subring of R.
If an ideal I of a ring R contains a unit, then show that I = R.

Define zero-divisors and integral domain. Give an example of a

commutative ring without zero-divisors that is not an integral domain.
Prove that the characteristic of an integral domain is 0 or prime.

Verify that ¢ : Zy — Z;, given by ¢(x) = 3x is a ring homomorphism or

not.




