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1. (a) Let ASR and ; ¢ R be a cluster point of 4 and
f:A—> R be a function, then define limit of

function f at c.Use € — & definition to show that

lim (2x +13) = 5.
x4

(b) State Sequential Criterion for limits. Use it to prove

.. (1 )
that 1 lim sin (—) does not exist.
x-0 X,

(c) Prove that. the Dirichlet function

£( )_{1, ifxisrational} . . )
X) = 0, if x is irrational is discontinuous

everywhere.

2. (a)If f:I—> R is continuous on an interval / and

f(a).f(b) <0 for some ab€l Prove that

f(x) = 0 for some x between a and b.
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. sinnx
() Yp=1—7 onR

(i) Xa=1x™" on[2, )

(b) Find radius of convergence and interval of
convergence of the following power series:

(00]
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(i) fr(o)= %on [0,a] wherea > 0

(b) Show that the sequence of functions < f, > is not

uniformly convergent on [0,e0), where

X
x+n’

x=0

fa) =

(c) Give an example of a sequence of continuous
functions that converges pointwise to a
discontinuous function. What conditions on
convergence ensures that the continuity of the limit

function is preserved.

6. (a) State Weierstrass M-Test for uniform convergence
of a series of functions. Use it to check the

uniform convergence of:

3378 3

(b) Define uniform continuity of a function f on an

1

interval I. Prove that the function f(x) = S s

not uniformly continuous on (0,1).

(c) Prove that for all partitions P of §(f,P) < §(f, P).
If f(x) = 8x + 3 on the interval [0,1] and partition

P= {O:%rirél} ,Verify thaté"(f,P) Sg"(f'P)_

3. (a) If Q is a refinement of a partition P, then prove
that

@ S(f,Q) = S(f,P) and

@ S(f,Q) < S(f,P)

P.T.O.
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(b) Prove that a constant function f{x) = c is integrable

over [a, b], and f:f =¢(b — a).

(c) Prove that the Dirichlet function f:R — R given

— | 1ifxisrational | . .
by f(x) = { 0 iffx is irrational} is not integrable on

any closed interval [a, b], where a < b.

4. (a) Use Sequential Criterion for integrability to show
that the function f(x) = x* is integrable on [0,1]

_ 1
and find fo f .
(b) Prove the following:

(i) If f is integrable on [a, b] and Vx € [a, b],

f(x) > 0, then f; f=0.

z:\

—— et e -Wm“

el e a—

U S,

LY

3378 | 5

5.

(i) If f is integrable on [a, b] and VY x € [a, b],

@) < M, then | [’ fI < M(b~a).

(c) Find pointwise limit of the following sequence of

functions:

nx

(l) fn(x)=1+nzxz;x € IR

(i) fun@)=xe"™;x € R,x=0

(a) Show that the following sequence of functions is
uniformly convergent on the specified domains.

(i) fu(®) =2 on[01]
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