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(c) Suppose that ¢ is a homomorphism from U(30) to
U(30) and that Ker ¢ = {1,11}. If @(7) = 7, find
all elements of U(30) that map to 7.

a 0
5. (a) Show that the set {[0 b}|a,bez} of diagonal

matrices is a subring of the ring of all 2 x 2
matrices over Z.

(b) Prove that Z_is a field if and only if n is prime.

(c) Define an Integral domain. Show that the ring
M,(Z) of 2 x 2 matrices over integers is not an
Integral domain.

6. (a) Define factor ring. Write all the elements of i

and prove that it is a ring.

(b) Let S = {a +ib|a,b € Z and b is even}. Show
that S is a subring of Z[i] but not an ideal of Z[i].

(c) Let ¢ : R — S be a ring homomorphism. If A is

an ideal and ¢ is onto then show that the ¢(A) is
an ideal of S.
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a a a
1. (a)If G=4|a a al,aeR,a=0;. Prove that G is a

a a a
group under matrix multiplication. Explain why
each element of G has an inverse even though the

matrices have 0 determinants.

(b) Show that the set A = {1,2,3} under multiplication
modulo 4 is not a group but that B = {1,2,3,4}

under multiplication modulo 5 is a group.

(c¢) For any integer n > 2, prove that there are at least

two elements in U(n) that satisfy x?=1.

(a) Let G be a group and H a nonempty subset of

2.
G. Prove that H is a subgroup of G if and only if

ab~! is in H whenever a and b are in H.

(b) Define centralizer of an element a of a group G
and if order of a is 5. Prove that C(a)= C(a%).

(¢c) Let H and K be two subgroups of G, show that

Hn K is a subgroup of G. Is it also true for

H uw K? Justify.
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3. (a) Show that U(10) with the operation of
multiplication modulo 10 is cyclic. Find all its

generators.

(b) Describe symmetries of an equilateral triangle.

(c) Define an even and an odd permutation. Determine
whether the following permutations are even or

odd :

(i)o = (13567)

(i) y = (12)(134)(152)

(i) p = (1243)(3521)

4. (a) Let H be a subgroup of G and a, b be elements

of G. prove that

(i) aH = H if and only if ae H

(ii) o(aH) = o(bH).

(b) Define a normal subgroup. Let

H={|? ®| a b deR, ad=0b.
0 d

Is H a normal subgroup of GL(2, R).
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