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(c) `Prove that for every continuous function' f `on [0,1],

the  sequence  of`polynomials  Bn f+  funiformly       ,

on   [0,1],   where   (Bnf)   is   the   sequence   of
+

Bernstein's  polynomials  for the  func`tici`n f.    `.
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1..      (a) Define  uniform  convergence  of  a  sequence  of

functions  (fn)' defined  on  A  s=  IR  to  R.  If A  E  HR

•and  p-:  A  T;  R  then  define the  uniform noimi  of
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qj   on  ,.A.   Discuss   the   unifo.rm   a`nd  pointwise

convergence  of  the  sequence  (fn),  where

fn(X)  =  =   for  x  €  R. and'n  €  N.

(b) Let  (fn)  be  the  sequence' of functions  defined`by

fn(X)=T±  `VX  €  [0,1],  n  €  N.

F.ind the pointwise liinit of the sequence (fn). Does

(fn)  converges uniformly?  Justify your  answer.

(c)  Show  that  if (fn)  and  (g;)  are  two  sequences  of

bounded functions  on A  E R to  R that .converge`
\

uniforml.y  to   f  and  g  res`pectively  then  prove

that   tfie   product   sequence   (fngn)   co.nverge

uniformly .on  A  to  fg.  Give  an  example  to  show

that  in  general  the  product  of  two  uniformly

convergent   sequence   may  _not  be   uniformly

convergent.
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61      (a.) For  cosine  func.tion  C(x)  and  sine  funct`ion  S(x)   .

prove the following :

(i)  If f:  R i R is such that f"(x.) = -I(x) for

x  e  R then there exist r'eal numbers Ch and

P   such   that   f(x),  =fty  Chc(x)  .+   PS(x)   for

x€R.

(ii)  If  x € HR,.  x 2 0   then

1-lx2SC(x)<|-±x2+|x4.
2224

(b)  State`  Abel.'s  Theorem.  Show  that

ton-'x.\--x+i-+.............-1SxS1
I

and   :=1-`1+-i+ ..............
357
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5.      (a) `Define the  radius  of c.onverge-nce  and  interval  of

convergence  6f power  series.  Check the  uniform

convergence  of  the  following  power  series  on

I-1,1]

x2     x3      x4x+F+F+F+

(b)  State  and .Prove  Caucny-Hadamard  Theorem.

(c)  Suppose   that   f(x)=Z::=oan  xn  `has  rjadius   of

convergence  R> 0,   Then  prove  that  the   series

cO   ±L xn+I  has  also radius  o,f convergence R
n=O n + 1

and  for  |x|-<R

Toxf(t)dt=n€o#xn+I.
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2.      (a) Let (fn) be  a sequence  of i'ntegrable .functions  on

[a, b]  and  suppose  that  (fn)  converges  uniformly

to  f on  [a, b].  S'how  that  f is  integrable  on  [a, b]

and

Jabf=nu;mcoJabfn

(b) Let  fn(x)  =.   ¥i   for  x   e  .[0,1].   Show  that  then

sequence.:(fn). of differentiable functions converges

uniformly  to   a  differentiable   function  f  on

[0,1]   and  that  .the  sequence  (fn:)   converges   on

[0,1]  to  a  funct.i.op  B.but  the  convergenc?  is  not

unifom.
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(c)  Show   that   the   sequence

converge uniformly on  [0,2,]'.

does   not

..3.      `(a)  State  and  prove  W.9ierstrass  M-Test. for  uniform

convergence .iof series  of functions.

(b) She,w  that  the  series  I::=]Sin(i)  is  uniformly

converg,ent  on  [-a, a],  a > 0  but  is  not  un_iforn±ly

convergent  on  R.

+'

(c)  Discuss  the .pointwi;e  convergerice~ of the  series

of functions  Z::=]z±  for X. 2 0.

;!i`
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4.      .(a)  Let fn be  con.tinuous  function  on..D  E R to  R  for

each n  e  N and  Z::=]fn   converges uniformly to

f on  D.  Prove  that  f `is  continuous  on  D.

(b)  Show that the s.eries-of fun.btions  Z=:=]
cos(x2+1)

converges   uniformly   on  `R.  to   ,a   continuous

function.

(c)  Given    ,the    R'iemann    integrable    functions

fn:  R..+  R.,  n  €  N,  such  that

fn(x)  -  sin for  all  x  €  in   `.

ShowthatZ=:=LJ_22n„fn(X)dx=J_22n„Z:=].fn(X)dx.
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