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(b)  Prove  that  a  finite  Integral  Domain  is   a  field.
Hence, show that Zp is a field, where p is a prime
number.

(c)  State  and  prove  the  subring  test.

Let  R={L=b    a;b]|a,bez}  €M2(Z)   where

M2(Z)  is  the ring  of 2 X 2  matrices  over 2.  Prove

or  disprove  that  R  is  a  subring  of M2(Z).

6.      (a)  Define  an  ideal  of a  ring  R.  State  the  ideal  test.

Hence,  prove  that  nz  is  an  ideal  of Z.

(b)  Let  f :  R  i  S  be  a  ring  homomorphism.  Prove
that

(i)  f(A) is a subring of S where A is a subring
ofR.

(ii)  f~[(B)  =  {r € R I f(r)  €  8}  is  an  ideal  of R
where  8  is  an .ideal  of  S.

(c)  Determine  all  the  ring  homomorphisms  from  Z]2
to   z3o.
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1.      (a)  State  Division  Algorithm.  Determine  51  mod  13,

342  mod  85,  62  mod  15,  (82  .  73)  mod  7,  (51+68)

mod  7  and  (35  . 24)  mod  11.
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(b)  Define a Group.  Show that G =  {1, -1, i, -i}  forms
a group under complex multiplication.

(c)  Let  G  be  a  group  with  the  property  that  for  any
x, y,  z in the group, xy = zx implies y = z. Prove
that   G   is   Abelian.   Also,   in   GL(2_,   Z]3),   find

det[:   :].

2.      (a)  Let   G  be   an   abelian  group   and  H   and  K  be
subgroups  of G.  Show that HK =  {hk:  h€H, k€K
is  a  subgroup  of G.  Also,  find  the  order  of 7  in
Z[o under  addition modulo  10.

(b)  Let  a  be  an  element  in  a  group  G  of  order  30.
Find  <a26>,  <al7>,  <al8>  and  |a26|,   |al7|   and  |al8|.

(c)  Find  the  order  of  each  element  of U(15).

3.     (a, Let  er=[i  3  i  f  i  9  Z  :]  and

Write  cx,,  P  and  Cup  as  a product of disjoint cycles.

Also  find  a-I.
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(b)  Construct  a  complete  Cayley  table  for  D4,  the
group  of symmetries  of a  square.  Is  D4  Abelian?
Justify.

(c)  Find  all  the  left  cosets  of  {1,15}  in  U(32).

4.     (a)Le"I-([ab
Od] : a,b,d€m, ¢d ± 0}.  IS  H  a  normal

subgroup  of GI+(2, R)?  Justify.

(b)  State Lagrange's theorem for finite groups.  Prove
that in a finite group, the order of each element of
the  group  divides  the  order  of the  group.

(c)  Let  G be  a  group  of permutations.  For  each  a in
G,  define

sgrt{a)-- 1   if cr is an even permutation,
-1  if a-is an odd permutation .

Prove  that  the  function  sgn  is  a  homomorphism
from G to the multiplicative group  {-1,1 } . What is

the  Kernel?

5.      (a)     (i)  Describe   all   the   subrings   of  the  ring   of

integers.

(ii)  Let a belong to  a ring R.  Let  S  =  {x  €  R| ax
=  0).  Show  that  S  is  a  subring  of R.

P.T.O.


